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A two-scale model consisting of ceramic grain scale and composite scale are developed
to systematically evaluate the effects of microstructures (e.g., residual pores, grain size, texture)
and geometry on the piezoelectric responses of the polarized triply periodic bi-continuous (TPC)
piezocomposites. These TPC piezocomposites were fabricated by a recently developed additive
manufacturing (AM) process named suspension-enclosing projection-stereolithography (SEPS)
under different process conditions. In the model, the Fourier spectral iterative perturbation
method (FSIPM) and the finite element method will be adopted for the calculation at the grain
and composite scale, respectively. On the grain scale, a DL approach based on stacked
generative adversarial network (StackGAN-v2) is proposed to reconstruct microstructures. The
presented modeling approach can reconstruct high-fidelity microstructures of additively
manufactured piezoceramics with different resolutions, which are statistically equivalent to
original microstructures either experimentally observed or numerically predicted. Design maps
for hydrostatic piezoelectric charging coefficients dh show they can achieve optimal
performance at wide ranges of micro-porosity and geometry parameter u for the proposed TPC
piezocomposites. In addition, geometry parameter u plays a dominant role in determining the

intensity of hydrostatic voltage coefficient gh and hydrostatic figure of merit (HFOM) of all the
presented TPC piezocomposites in the vicinity of the starting point of three-dimension (3D)
interconnectivity. Within this range, these properties would increase first with the increasing of
micro-porosity volume fraction (VF) and start to decrease once they reach peak values. The
presented TPC piezocomposites exhibit a superb hydrostatic properties, with the same 20% VF
of ceramics and 2% VF of micro-porosity with respect to composites and ceramics, respectively,
TPC of face center cubic (FCC) demonstrates 327-fold enhancement of HFOM than that of the
piezocomposite with three intersecting ceramic cuboids. The piezoelectric properties of FCC are
superior to those of body center cubic (BCC) and simple cubic (SC). The calculated piezoelectric
charging constants d33 and relative permittivity κ33 were then compared with the data measured
from the products fabricated by the SEPS under different process conditions. The calculation
results at both grain scale and composite scale were found to agree well with experimental
results.
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CHAPTER I
INTRODUCTION
1.1

Summary
A two-scale model consisting of ceramic grain scale and composite scale will be developed

to systematically evaluate the effects of microstructures (e.g., residual pores, grain size, texture)
and geometry on the A piezoelectric responses of the polarized triply periodic bi-continuous (TPC)
piezocomposites. These TPC piezocomposites will be fabricated by a recently developed additive
manufacturing (AM) process named suspension-enclosing projection-stereolithography (SEPS)
under different process conditions (e.g., weight ratio between ceramic particles and polymer
binders). In the model, the Fourier spectral iterative perturbation method (FSIPM) and the finite
element method will be adopted for the calculation at the grain and composite scale, respectively.
On the grain scale, conventional statistical analysis of original images obtained through scanning
electron microscope (SEM) will be implemented to regenerate representative microstructures via
image processing technologies (e.g., ImageJ) and a wildly adopted phase-field (PF) grain growth
model. In addition, microstructure reconstruction can be also achieved with the conditional
generative adversarial network (CGANs) [1], conditioned by descriptive text or the microstructure
representation metrics. More specifically, Stacked Generative Adversarial Networks

(StackGAN) [2] with conditioning augmentation will be used.
1.2

Intellectual merit
A novel two-scale model (Fig. 1.1) consisting of ceramic grain and composite scale is
1

proposed to properly account for the characteristics of these two scales, respectively. In the ceramic
scale, the 2D SEM images of ceramics are statistically analyzed by making use of ImageJ, and
equivalent representative volume element (RVE) is then reconstructed through widely adopted PF
grain growth model or achieved with the StackGAN, conditioned by descriptive text or the
microstructure representation metrics. FSIPM is employed to calculate the effective piezoelectric
properties of RVE, which will be an input into the composite scale model. FEM is adopted for the
calculation of effective properties of TPC piezocomposites due to its capability in capturing the
geometrically nonlinear response of the microstructures subject to the external stimuli [3]. To the
author’s best knowledge, no previous works have ever studied the microstructures prepared by
additively manufacturing (e.g., SEPS in this work) that may have significant differences in
comparison with conventional processes. Moreover, this project is the first of its kind to reconstruct
the microstructures via a machine learning approach (e.g., StackGAN) for piezoelectric materials.

In addition, this work also represents a first effort to incorporate microstructure effects in the
piezocomposite scale with the consideration of geometrical effect on a larger scale.

2

Figure 1.1

1.3

Schematics of the two-scale model, (a) ceramic scale model, (b) composite scale
model. The dashed white circles point out one representative connected pore that is
located at grain boundaries.

Broader impact
The proposed framework provides systematical insights into the process-microstructure-

property relationship of additively manufactured TPC piezocomposites. This framework can be
extensively employed for the investigation of piezoelectric properties of any piezocomposites
made up of ceramics and polymers of varied type. Specifically, the framework can be utilized to
design AM processes (e.g., weight ratio between ceramic particles and polymer binders) and
microstructures for optimal piezoelectric properties for many piezoelectric materials. The achieved
superb piezoelectric properties would have significant benefits in applications such as energy
3

harvesting devices, healthcare sensors, and actuators, which in turn would be useful to many
industries such as sportwear and electronics.
In addition, the reconstruction approaches developed in this study can be used in other
material systems such as additively manufactured mechanical alloys. In particular, the method that
employs the StackGAN for the reconstruction of ceramics microstructures will lead to an
automated approach to reconstruct microstructures of high fidelity. What is more, with the
microstructure representation metrics (e.g., distribution of grain size and residual pores) and
process information as inputs and piezoelectric properties as output, a deep neural network can be
adopted for the piezoelectric property prediction. This would significantly facilitate future process
and design of engineering materials in term of speed and efficiency.
1.4

Literature review
To fully understand the current status of research in the areas related to this study, a

profound literature review has been conducted on the areas of fabrication processes of piezoelectric
materials, statistical reconstruction technologies of both conventional and machine learning
approach, models for evaluating the effective properties of piezoelectric materials. Theoretical,
experimental, and numerical methods employed in those previous studies have been reviewed and
discussed.
1.4.1

Design method of piezocomposite microstructure
In this section we will discuss about design methodologies for the optimization of certain

piezoelectric properties such as piezoelectric charging coefficient d33. There are a tremendous
number of piezoelectric structures, for n phases the number of connectivity patterns becomes (n +
3)!/3 !n! [4]. There are ten important connectivity patterns in diphasic solids, ranging from a 0-0
4

unconnected checkerboard pattern to a 3-3 pattern in which both phases are three dimensionally
self-connected [5]. Typical connectivity patterns are illustrated in Fig. 1.2. Connectivity patterns
can be synthesized as macrostructures, as microstructures, or even as crystal structures [4].
Correspondingly, in order to design and optimize the above-mentioned structures, plenty of design
methodologies including analytical and numerical approaches can be applied. Yamada, Ueda et al
[6] proposed a binary system which was composed of the continuous medium of the dielectric
constant and the ellipsoidal particles. Banno [7] derived theoretical equations for dielectric, elastic
and electromechanical properties of PZT (Pb(Zr.Ti)O3) ceramics with open pores as a function of
porosity based on the 3-3 model. Bowen and Topolov [8] designed a composite which was
represented by a set of cubic Banno unit cells and each unit cell contains a piezoceramic inclusion
surrounded by a matrix. Kara et al. [9] proposed PZT-air (porous PZT) and PZT-polymer (polymer
impregnated porous PZT) piezocomposites with varying porosity/polymer volume fractions.
Gullapalli et al. [10] designed a nanocomposite material consisting of zinc oxide (ZnO)
nanostructures embedded in a stable matrix of paper (cellulose fibers). Roscow et al. [11]
demonstrated that porous ‘sandwich’ structures could provide an effective route for the design and
optimization of piezoelectric materials for energy harvesting applications. What is more, finiteelement-based topology optimization methods had emerged to be a powerful tool for the design of
energy harvesters, as they provided an rational computational design methodology for seeking
optimal design candidates which otherwise could not be achieved with intuitive inspirations [12].
Ji et al. [13] accomplished the optimization of ceramic microstructures through an integrated
computational framework combining PF simulations to design the microstructures and finiteelement modeling to predict the properties of the microstructures.

5

Figure 1.2

1.4.2

Main connectivity patterns of piezoelectric composites. (a) 0-3 connectivity (b) 1-3
connectivity (c) 2-2 connectivity (d) 3-3 connectivity.

AM of piezoelectric materials
The electromechanical properties of the piezoelectric components depend mainly on the

material parameters, shape, distribution, and connectivity. Although traditional fabrication
processes have high efficiency in making simple geometries, the fabrication of complex
geometries and piezocomposites is still challenging. Started from the mid-1990s, AM provides a
novel way to fabricate polymers, ceramics, metals, and composites. Unlike the traditional
fabrication techniques which are known as subtractive manufacturing, the AM technologies
manufacture an arbitrary three-dimensional component by cumulative deposition of materials
layer by layer. After decades of development, AM technique has developed for vast process types,
some of which can be used to fabricate ceramics and their composites.
6

Ceramic fabrication by direct selective laser sintering (SLS) attracts many interests in
recent years due to the short interaction time and less post heating processes. Gureev et al. [14]
investigated direct SLS of stoichiometric mixtures of PbO, ZrO2, and TiO2 for synthesis of PZT
ceramics. They achieved a high porous structure with a low density of about 20% of theoretical
density. Bertrand et al. [15] fabricated ceramic parts from pure zirconia (YSZ) powder by direct
laser sintering. They found that the higher the density of the powder bed, the higher the density of
the ceramic can be achieved. However, sintering most ceramics, high temperatures and longtime
are needed to obtain acceptable densities after fabrication. Article [16] presented a 3-3 connectivity
honeycomb composite fabricated by fused deposition of ceramic (FDC). A polymer structure was
built first, and then infilled the inner gap with PZT paste. After sintering, the left honeycomb PZT
phase was infiltrated by epoxy to produce composite. a PZT 95/5 ceramic–ceramic composite with
dense (96.1% of theoretical) and porous (93.9% of theoretical) layers was prepared by Robocasting
(RC) [17]. A soft PZT-5H piezoelectric ceramic paste was fabricated with 200µm deposited
diameter and 47 vol% of PZT particles [17]. After sintering, this PZT-5H ceramic was for direct
use or to create epoxy-filled PZT-polymer composite that suitable for hydrostatic piezoelectric
sensors.
The most successful processes are the stereolithography (SLA) and digital light processing
(DLP) (also known as mask-image-rejection-based stereolithography (MIP-SL). The SLA process
uses vector scan, or point-wise approaches to fabricate a layer, but the DLP process uses a digital
micromirror device (DMD) to generate a mask projection, or layer-wise image to irradiate entire
layers at one time. When fabricating piezoelectric ceramics, SLA or DLP works in the same
manner as for polymer fabrication, but the feedstock material is changed from pure resin to a
mixture of ceramic powders and photopolymer. After curing, a ceramic-polymer composite
7

component (called green part) is produced via the process. Subsequently, the green part is debonded and sintered through a heat-treatment process. Only the left-behind ceramic particles of
interest are consolidated into pure ceramic compacts. Kanguk Kim, et al. [3] presented chemically
modified BTO nanoparticles for polymer-based composite. The composites with chemically
modified BTO nanoparticles showed over 10 times of piezoelectric coefficients larger than
unmodified composites. Research [18] fabricated an ultrasonic transducer with BaTiO3
nanoparticles (100nm) with DLP. To overcome the limitations of fabricating viscous and lowphotosensitive piezocomposite slurry, Xuan et al. [19, 20] developed a novel bottom-up projection
system integrated with tape casting technique to print high solid loadings ceramic suspensions
(e.g., 70% weight ratio). Later, following the same process, Chen et al. demonstrated a complex
(3-3) interconnected polymer-ferroelectric ceramic skeleton by polymer-Pb(ZrxTi1-x)O3
composite, as pictured in Fig. 1.3. The sample attained superb piezoelectric charging coefficient
d33, hydrostatic piezoelectric charge coefﬁcient dh, and hydrostatic ﬁgure of merit (HFOM), which
shows great potential in underwater acoustic applications [18].

8

Figure 1.3

1.4.3

Additively manufactured (3-3) interconnected polymer-ferroelectric ceramic
skeleton [18], (a) sparse composite system, (b) fine composite system

Microstructure regeneration
To fully understand the relationship between microstructure and properties, generation of

microstructures that are statistically equivalent to the original images is critical. More specifically,
since the generated microstructures will be the input for an effective computational model for
prediction of the microstructure-property relations, their fidelity is of the utmost importance.
Microstructure generation usually involves three steps, which are microstructure recognition,
characterization, and reconstruction. Microstructure recognition refers to the identification of key
microstructure features. The definition of characterization in this context is the statistical
representation of a material’s morphology via certain characteristic functions and/or features,
while reconstruction is defined as the process of generating a (set of) microstructure(s) whose
morphology embodies a (set of) prescribed characteristic(s).

9

1.4.3.1

Microstructure recognition
Example Paragraph Before microstructure characterization, appropriate image processing

algorithms should be adopted to analyze and extract key features. The algorithms typically include
gray-level reduction, noise elimination, threshold, binarizing, and particle analysis. PeregrinaBarreto et al. [21] developed a novel methodology that enables the clear definition of the grain and
the boundary regions for an accurate automatic grain size determination through some efficient
image processing techniques. Groeber et al. [22] developed in-house codes for processing the
serial-sectioning data. It can calculate and output characterization parameters such as the
distribution of grain size, number of neighboring grains, grain orientation, and grain boundary
misorientation angle for every 2D section. Campbell et al. [23] provided digital image processing
algorithms to isolate individual microstructural features, such as grains and alpha lath colonies of
Ti6Al4V alloy. A segmentation of the image is produced, where regions represent grains and
colonies, from which morphological features such as grain size, volume fraction of globular alpha
grains and alpha colony size can be measured.
Besides the aforementioned image processing algorithms, an open-source and license-free
image processing tool, ImageJ, has been adopted in many research [24-27] for image data
processing. ImageJ can read data in most common file formats. The program supports all common
image manipulations, including reading and writing of image files, and operations on individual
pixels, image regions, full images, and image volumes. Moreover, ImageJ can run on different
platforms and is virtually limitless because of the availability of user-written macros and plug-ins.
Igathinathane et al. [24] developed a plugin which can obtain quick and accurate size distribution
of particles from digital images. Cai et al. [26] produced size distribution of residual pore in the
AM aluminum alloy via Particle Analyzer command in ImageJ. The individual pore size was
10

obtained by measuring the Feret’s diameter of each particle (pore), which is defined as the longest
distance between any two parallel lines tangent to the edge of particle. In addition, in this work,
pore volume fraction was obtained by applying Otsu’s thresholding method. Qiu et al. [27] adopted
similar approach to find volume fraction of porosity of the residual pore in AM alloy. Hecht et al.
[28] employed ImageJ to segment the carbide network and pearlite matrix in ultrahigh carbon steel
into binary contrast representations via a grayscale intensity thresholding operation. After that, the
carbide network pixels were skeletonized and parceled into branches and nodes, allowing the
determination of a connectivity index for the carbide network. Intermediate image processing steps
to remove noise and fill voids in the network were also implemented.
1.4.3.2

Microstructure characterization and reconstruction
Characterization and reconstruction are complementary to each other and, together provide

a means to delve deeply into the detailed morphological characteristics at various length scales of
a material’s hierarchical structure through inspecting the imaging data. Different types of
characterization schemes along with their corresponding reconstruction methods are discussed in
following subsections.
1.4.3.2.1

Statistical functions

Some statistical functions can be employed to characterize microstructure images. These
functions essentially capture the degree of spatial correlation among different locations in a
probabilistic sense, therefore, they are sometimes called morphological descriptor. Most widely
used functions as demonstrated in [29-31] include two correlation function 𝑆(𝒓) , lineal-path
function 𝐿(𝒓), and two-point cluster function 𝐶2 (𝒓). Two-point correlation function 𝑆(𝒓) is the
probability that randomly choosing two points separated by a distance r both lying in one phase of
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interest, embodying information about the distribution of pair separations. Lineal-path function
𝐿(𝒓) gives the probability of randomly choosing a segment of length r wholly lying in the phase
of interest, and thus contains a coarse level of connectedness information along a lineal path. Twopoint cluster function 𝐶2 (𝒓) is the probability of randomly finding two points separated by a
distance r in the same cluster of the phase of interest. These correlation functions can be effectively
calculated via Monte Carlo method [32], fast Fourier transform (FFT) [33, 34], building histogram
of chords [35].
Having chosen statistical functions for characterization, reconstructing a statistically highfidelity digitized microstructure can be cast as an optimum design problem [36]. Specifically, the
optimization problem can be done by adjusting an initial digitized image Y to minimize some cost
(aka energy) function E that measures the differences between the statistical function(s) of the
original image (X) and those of Y. Because one specific statistical function cannot solely
characterize most microstructures, usually multiple of them are integrated into E. The concrete
choice of statistical function usually depends on material system and computational resources. In
addition, the existence of multiple local optima in the profile of E necessitates the use of a heuristic
optimization algorithm such as simulated annealing and its variants [37] to escape them while
swapping the pixels
One advantage of using these statistical functions is that they are compliant to the stochastic
nature of microstructures [38, 39]. As a result, statistical functions have been remarkably applied
in microstructure reconstruction and verification of the reconstructed structures, even though they
are generally too vague to establish explicit relations with processing and property information.
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1.4.3.2.2

Physical descriptors

Characterization of finite size objects with physically meaningful descriptors in one-, two-,
three-, or higher dimensional spaces has drawn notable attention in materials science. In the realm
of materials science, enabling direct elucidation of processing-structure and structure-property
relations in crystalline structures and composites is perhaps its most advantageous feature. Physical
descriptors may be classified as either deterministic such as VF or statistical such as nearestneighbor distances and area/volume for the Voronoi cells. In the former case, a single value is
sufficient to characterize the descriptor and will be assigned to the entire microstructure image
(e.g., a binary microstructure with an inclusion VF of 40%). In the latter case, however, a
cumulative distribution function is required for characterizing the descriptors such as the grain size
distribution of additively manufactured aluminum alloy as shown in Fig. 1.4. To characterize the
digitized image of a microstructure with physical descriptors, as mentioned in section 1.4.3.1,
various image segmentation techniques such as edge or cluster detection can be applied to identify
all the objects (i.e., lines, edges, clusters, etc.) within the primary phase. Then the objects are
analyzed to find the values and distributional characteristics (such as the mean and variance) for
the deterministic and statistical descriptors, respectively.
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Figure 1.4

The probability density distribution of grain size.

Once the set of physical descriptors is defined and their values/distributional characteristics
are calculated (from an original microstructure sample) or prescribed (by the user), reconstruction
of a microstructure sample can be achieved by adjusting an initial structure to match its descriptors
to the target ones. The adjustment procedure is similar to that described in the last section in that
it commonly involves optimization for matching some of the descriptors. Xu. et al. [40] developed
a hierarchical reconstruction methodology for reconstructing composites with overlapping
elliptical inclusions of random size. This method starts the reconstruction with the descriptors at
the highest scale level such as determining the VF and number of inclusions in a particulate
structure. For crystalline structure, there are basically two approaches being used for this purpose,
synthesis-based and physic-based. The former one relies on ellipsoid packing and Voronoi
tessellations to locate the grains in the reconstructed microstructure [41]. The crystallographic
orientations are then assigned either randomly or following a certain distribution. As an example,
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a microstructure builder software package has been developed to reconstruct 3D polycrystalline
materials (see Fig. 1.5). It starts with an overpacked structure and swaps ellipsoids in and out with
simulated annealing to achieve an optimal arrangement. Then, crystallographic orientations are
assigned. Grain size and shape data are usually the input, while the output is a 3D voxel
microstructure. This software has been greatly improved over the past few years and evolved to
DREAM.3D [42-45]. Physics-based evolving algorithms include Potts model [46, 47], the PF
model, front tracking model [48, 49], and vertex model [50]. Among these models, the Potts and
PF are arguably the most robust and versatile and certainly the most highly developed and widely
applied ones [51].

Figure 1.5

Microstructure generated by Dream. 3D with 5% porosity volume fraction. (b)
shows a cross sectional view of (a), where one representative pore in white color is
marked by black dashed circle.
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1.4.3.2.3

Machine learning

Recently, several machine learning techniques have been successfully applied to
microstructure characterization and reconstruction [52-55]. One major advantage of these
techniques is their speed and flexibility in computational material design. Machine learning can
be categorized into three types based on the way scientists train algorithms, which are unsupervised
learning, semi-supervised learning, and supervised learning.
1.4.3.2.3.1

Unsupervised learning

An unsupervised model provides unlabeled data that the algorithm tries to make sense of
by extracting features and patterns on its own. While unsupervised deep learning is widely used in
the computer science community, its application in materials science is still scarce.
A typical unsupervised learning model which was adopted in microstructure reconstruction
is the convolutional deep belief network (CDBN) [56]. Cang et al. [57] employed this model to
hierarchically extract implicit features and realize reconstructions for multi-scale anisotropic alloy
microstructure. Their model consists of three convolutional restricted Boltzmann machine
(CRBM) layers, with a pooling layer between the second and the third CRBM layers for further
dimensionality reduction. While this model preforms satisfactorily in extracting features from
complex morphologies such as anisotropic alloy microstructures (see Fig. 1.6), it relies on a
heuristic post-processing step, flow-based difference-of-Gaussian (fDoG) filtering, which is
specifically designed for the alloy system studied.
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Figure 1.6

1.4.3.2.3.2

Comparison between the samples (top) and their reconstructions (bottom) [57].

Supervised learning

In a supervised learning model, in contrast, the algorithm learns from a labeled dataset,
where an answer key is provided so that the algorithm can use to evaluate its accuracy on training
data. Recently, Bostanabad et al. [32] developed a versatile approach based on supervised learning
for general material systems. In this approach, characterization involves fitting an appropriate
supervised learner to the original microstructure image, X, and reconstruction consists of taking
realizations from that supervised learner; fitting the model is like coding while reconstruction is
like decoding. The fundamental idea is to convert X into a training dataset, D, where the phase of
each pixel is represented as a function of its surrounding pixel phases. Once D is built, a supervised
leaning model is fitted to it to learn the conditional probability distribution of any individual pixel’s
value given its surrounding pixel phases. This fitted model, rather than storing the data (i.e., the
image), efficiently summarizes it and can be subsequently employed for fast and efficient
reconstruction of statistically equivalent microstructures with arbitrary sizes by sampling that
model. Wang et al. [58] developed a neural network called y-net to predict the porosity evolution
in selective laser sintering (SLS) process by inputting both process parameters and initial fields as
conditioning information.
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1.4.3.2.3.3

Semi-supervised learning

Semi-supervised learning takes a middle ground. It uses a small amount of labeled data
bolstering a larger set of unlabeled data. One widely adopted learning model of this type is the
GAN by Goodfellow et al. [59]. This model has a wide range of applications on image (video)
synthesis [60-62], image segmentation [63, 64], super resolution [65], and text generation [66],
microstructure reconstruction [67]. In general, it is composed of two ‘adversarial’ models: a
generator G and a discriminator D as illustrated in Fig. 1.7. They battle with each other in a two
player min-max game: the generator G tries to generate fakes to fool the discriminator D, while
the discriminator D tries to recognize real training data from the synthetic data by G. Specially, to
learn a generator distribution pg over data y, the generator is used to build a mapping function from
a prior noise distribution pz(z) to data space as G(z), while the discriminator D(y) outputs the
probability that y came from training data rather than pg. However, because of no control on modes
of the data being generated in initial generative model, an extended version, CGAN, has been
proposed by Mehdi Mirza et al.[1]. Different from GAN that maps random noises z to output y,
, the CGAN tries to learn a mapping from random noises z and observed x to y, 𝐺: {𝑥, 𝑧} →
𝑦. In short, by feeding external conditioning information x into the both the discriminator D and
generator G, it is likely to direct data generation process.
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Figure 1.7

Typical architecture of GAN

Feng et al. [68] proposed an accelerating reconstruction method based on CGAN to model
and characterize the relation between the sampling image which contains conditioning data and
the target void-solid image. This method is able to directly translate the sampling image to the
target one instantaneously, thus leading to a significant speedup factor. Meanwhile, to assess the
performance of their method, they tested it on sandstone samples, where two-point correlation
function, lineal-path function and two-point cluster function, as well as local porosity distribution
were employed for quantitative comparison with those of the target microstructure.

1.4.4

Methods for evaluation of effective properties of polycrystalline piezoelectrics
To evaluate the effective properties of polycrystalline piezoelectric, several analytical

methods have been developed. Luchaninov et al. [69] adopted the theoretical method of simple
Voigt average, while many others [70-72] employed effective medium methods. For example,
Masakazu et al. [72] calculate the dielectric, piezoelectric and elastic constants of polycrystalline
ceramics at room temperature by averaging those values of single crystals on the assumption that
the ceramics is composed of spherical crystallites. Li et al. [70] employed the self-consistent
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approach and traditional Voigt-Reuss averages to model the effective electroelastic moduli of
textured piezoelectric polycrystalline aggregates. Though powerful, these analytical methods all
failed to incorporate the effects of microstructures with complicated morphologies and spatial
correlations. These disadvantages of analytical methods were overcome by the model proposed by
Garcia et al. [73]. Staring from microstructures with spatially distributed properties, this model
solves the equilibrium local fields by minimizing the total electromechanical free energy via the
variational principle as implemented in finite element methods for evaluating the effective
properties. Jayachandran et al. [74] proposed an alternative numerical approach where a
mathematical homogenization theory was utilized and implemented in finite element methods.
With the above approaches, texturing effects in PMN-PT ceramics have been investigated. Zhou
et al. [75] studied the effect of the texture axis and found that d33 is maximized along the [001] c
axis, which is consistent with the optimal axis of SCs; Aleshin et al. [71] and Lee et al. [76] studied
the texturing effects in [001] c fiber textured PMN-PT ceramics, and similar results were obtained,
i.e. d33 decreases rapidly with decreasing texture degrees.
1.4.5

Methods for evaluation of effective properties of composite
Finite element method is an appropriate choice for predicting the geometrically nonlinear

response of the microstructures subjected to the external stimuli [77]. Such a nonlinear geometrical
change is commonly found in polymer-based materials or composites due to their soft nature. In
addition to the geometrically linear and/or nonlinear elastic responses, material nonlinearity, e.g.,
hyperelastic and plastic behavior of the microstructure can also be predicted through finite element
analysis (FEA) with proper constitutive models to define the material properties.
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1.4.6

Previous multiscale study in understanding process-structure-propertyperformance (PSPP)relations of materials
Plenty of research in different scales are endeavored to unravel the relationships between

process-structure-property-performance. Dou et al. [78-80] developed a model in atomic scale
based on the modified embedded atom method potentials to study the PSPP relationship of copper
single crystal at the atomic scale. He et al. [81, 82] proposed a computational modeling and
simulation framework to study ballistic performance and penetration mechanism of copper (Cu)
using four representative grain sizes. Liu et al. [83] developed computational framework to
investigate the PSPP relationship for additive manufacturing (AM) of Ti-6Al-4V. This framework
incorporates finite element (FE)-based thermal model, grain growth phase field (PF) model and
elasto-viscoplastic (EVP) fast Fourier transform (FFT) micromechanical model. Yang et al. [84]
developed an integrated model for predicting the porosity effect on the mechanical behavior of
additively manufactured Al-10Si-Mg alloy.
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CHAPTER II
PIEZOCERAMIC MICROSTRUCTURE RECONSTRUCTION VIA DEEP LEARNING
2.1

Introduction
Piezoceramics such as lead zirconate titanate (PZT) and barium titanate (BaTiO3, BTO)

have received both academic and industrial interests since they can be used in tremendous
applications, for instance, sensors, actuators, and energy harvesting devices [85]. The
performances of

these applications critically depend on their properties i.e., piezoelectric

coefficients [86]. These coefficients in turn significantly reply on the characteristics of the
microstructure features of those piezoceramics [87, 88]. On another hand, ceramics fabricated by
various manufacturing processes contain different kinds of microstructure features, such as grains
and residual-micropores of different size, shape, and spatial distribution. In particular, the
piezoceramics fabricated by additive manufacturing (AM) processes exhibit more complex
microstructure features than those produced by conventional approaches. For instance, higher
volume fraction (VF) of micro-porosity [87] along the grain boundaries (GBs) (see Fig. 2.1 (b)
and (c)) are usually observed in the AM-produced piezoceramics due to more organic binder is
contained in the feedstock, which will be burned out in the following debinding and sintering
processes as depicted in Fig. 2.1(a). It has been well recognized that the VF, size, shape, orientation
and spatial distribution of grains and micropores all have significant effects on the piezoelectric
properties of piezoceramics [89], and thus the energy harvesting performance and other related
applications. For instance, Chen et. al [89] indicates 0.1 VF of micro-pores causes about 50%
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decrease of piezoelectric constant d33 in (1-x)Pb(Mg1/3Nb2/3)O3-xPbTiO3 (PMN-PT) ceramics.
While, in perfectly textured PMN-PT ceramics, the d33 could be almost 8 times larger than that
with random crystal orientation. Nan et. al stated that a decreasing aspect ratio of grain may
enhance d33 of BTO ceramics [90]. Zheng et. al [91] found both relative permittivity κ33 and d33 of
poled BTO ceramics increase enormously with the decrease of average grain size at room
temperature.
Computational methods, including finite element method (FEM) and fast Fourier transform
(FFT) based method, have been applied to quantitatively analyze the microstructure effects on the
effective piezoelectric properties of piezoceramics or piezocomposites.

Microstructures are

stochastic in nature (see Fig. 2.1 (b)), the statistical functions [39] (e.g., L2(r) lineal-path function)
of micropores and the probability density functions (PDFs) of grain sizes and orientations etc. have
significant effects [73, 76] on the piezoelectric properties of piezoceramics. For example, the
micro-pores whose distribution aligns in the poling direction can enhance piezoelectric sensitivity
[8], while the micro-pores which locate at the grain boundaries can decrease the d33 more than
those within ceramics. Hence, to acquire statistically structure-property relations [89] from the
calculations using the aforementioned computational methods, a large ensemble of such
calculations using a large quantity of statistically representative microstructures is strongly
required, which necessitates a method to generate an ensemble of microstructures that are
statistically equivalent to the experimentally observed microstructures. In addition, the calculation
of effective piezoelectric properties using the computational methods is usually very
computational costly, thus, RVE such as microstructures with periodic boundaries are critically
desired to ensure high computational efficiency yet with relatively high accuracy (see Fig. 2.1(c)).
On the other hand, from a material-by-design aspect, high throughput computational simulations
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are needed to guide the design of microstructures to achieve the desirable piezoelectric properties,
which require a high controllability to generate the microstructure morphologies in a large design
space (see Fig. 2.1(d)).
Conventional approaches to reconstruct statistically equivalent microstructures include
statistical function-based [32, 68] and physical descriptor-based numerical modelling methods [84,
87]. Statistical function-based approaches employ correlation functions and/or lineal-path
functions to characterize and reconstruct microstructures. Although they are widely used, potential
information loss (e.g., dispersive characteristic) often occurs in the dimension reduction process
required to represent high-dimensional microstructures. For instance, using principal component
analysis (PCA) to remove insignificant dimensions would induce information loss, when
conducting a transformation of microstructure representation. Computational intractability is
another disadvantage of the statistical function-based methods, especially in the case of the highorder correlation functions (e.g., 3-points correlation functions and above). Moreover, tedious
optimization (e.g., simulated annealing) for microstructure reconstructions is needed [92], which
make it extremely difficult and computationally inefficient to generate large quantities of
microstructures with distinct microstructure features. There are many physical descriptor-based
models to generate grain microstructures, many of which were developed to simulate grain growth,
such as Potts model [46, 47], phase-field grain growth model (PFM), front tracking model [48,
49], Voronoi tessellation [93], and vertex model [50]. Among these models, the Potts and PFM
are the most robust and versatile and certainly the most highly developed and widely applied [51,
94-96]. However, these approaches usually require to identify the characteristics of microstructure
features and compare the PDFs of those characteristics between real and synthetic microstructures,
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thus, it is still difficult and time-consuming to reconstruct statistically equivalent microstructures
[87].
Deep learning (DL) based methods could be a promising alternative to tackle the
shortcomings of the conventional approaches. In particular, the DL methods have no information
loss because dispersive approximations are not required. Instead, the DL methods generate
microstructures using specially designed deep convolutional neural networks [97, 98], which
feature large model capacity and generalities, to achieve a low-dimensional and non-linear
embedding of high dimensional microstructures. In addition, the DL methods are model-based and
can promptly generate large quantities of microstructures by inputting different values of their
intrinsic parameters [99-103]. Thus, under these circumstances, many DL techniques have been
successfully applied to microstructure characterizations and reconstructions [52-55]. Cang et al.
[57] employed a convolutional deep belief network (CDBN) to hierarchically extract
microstructure representations and realize reconstructions for the chosen multi-scale anisotropic
alloy microstructure. But their model relies on a heuristic post-processing step which is specifically
designed for the alloy system studied. Li et al. [55] proposed a transfer learning approach to
reconstruct microstructures. However, the optimization objective is achieved by minimizing the
style differences (defined by a Gram matrix) between synthetic and real microstructures. Hence,
the characteristics of microstructure features can only be spanned in the vicinity of real samples.
Another DL based method, the generative adversarial networks (GAN) [59], and its derivatives [1,
2, 61] have been widely adopted in materials science [104-106] in recent years. Ma et al. [104]
employed pix2pix [61] based on conditional generative adversarial networks (CGAN) [1] to
generate synthetic images with the styles of selected microscopic images. However, the output
from their network was not highly stochastic even after noise vectors had been introduced in the
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generator. This minor stochasticity in the generated images presents a crucial limitation in
generating large quantities of microstructures that can span the space of desired microstructure
features. Chun et al. [105] proposed to use patch-based GAN to generate microstructures of
heterogeneous energetic materials. Although their network can successfully parameterize the
microstructure features by conditioning on a global morphology parameter, but periodic
boundaries are not introduced, which poses critical limitation in the calculation of the effective
properties of piezoceramics using FFT-based method. In addition, it is necessary and timeconsuming for the patch-based GAN to find a right patch size (receptive field size of a
discriminator). Inappropriate choice of the patch size can result in an unstable optimization or
lower quality of images [107]. Andrea et al. [106] proposed to use GAN to generate multi-phase
electrode microstructures. Although they successfully generated microstructures with periodic
boundaries by applying circular spatial padding to an input parameter, their model is not able to
control the microstructure features. In addition, neither of them can achieve high resolution
microstructures with more details of the microstructure features because they obtain the
microstructures of larger size by simply enlarging the input size. On the other hand, the StackGAN
encourages to draw more details in higher resolution images by capturing more information from
conditional variables [108], which is omitted in the stage of generating low resolution images.
In this paper, a DL approach, multi-stage stacked generative adversarial network (StackGAN-v2) [2], is applied for the first time to generate high-fidelity microstructure models for BTO
piezoceramics fabricated by an AM process. The presented modeling approach can reconstruct
high-fidelity microstructures for the piezoceramics which are statistically equivalent to the original
microstructures either experimentally observed or numerically predicted. In addition, the proposed
approach can generate grain microstructures with different resolutions. More details such as the
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morphology of micro-pores can be clearly observed in higher resolution images. Advantages of
the new modeling approach are also illustrated from its capability in controlling the grain size and
orientation, as well as the volume fraction (VF) and distribution of the micro-pores in a large space
by manipulating intrinsic parameters of StackGAN-v2. This would have significant benefits in
exploring these microstructure effects on the piezoelectricity of piezoceramics from the materialby-design aspect. In addition, in the developed microstructure models, periodicity of the
microstructures has been successfully introduced, which would facilitate the using of FFT-based
methods to efficiently predict the performance of the piezoceramics. In another word, the proposed
DL modeling approach can interface with other computational methods in optimizing
microstructures for the piezoceramics as well as other piezoelectric materials to achieve desired
piezoelectric and electromechanical properties.
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Figure 2.1

(a) Schematic of slurry-based stereography printing process for manufacturing
piezoceramics. Motivations of the present study: (b) to reconstruct statistically
equivalent microstructures based on the stochasticity of microstructures, (c) to
generate microstructures with periodic boundaries to reduce computational cost,
and (d) to provide a pathway to materials-by-design through high controllability of
micro-morphologies in a large space.
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2.2
2.2.1

Method
Training images from grain growth model phase field
DL models require large quantities of training data. Unfortunately, it will be very expensive

and time consuming to obtain microscope images for microstructures with various features to
provide the required training data/images. In the present study, the training images are provided
by the images generated in a previous work [87] by PFM, which were statistically reconstructed
through the comparison between the PDFs of key features (e.g., grain size and number of
neighboring grains) of the microstructures generated by PFM and those of scanning electron
microscope (SEM) images from the AM-produced BTO piezoceramics. PFM is widely adopted in
grain structure generation [87, 109-113] due to its higher accuracy as compared with other physical
descriptor-based methods [114]. In addition, PFM is based on continuum thermodynamic and
kinetic principles of microstructure formation and evolution, the microstructures generated by
which would typically show good consistency with experimental observations [94-96]. For
instance, as depicted in Fig. 2.2(a) and 2.2(c), the micropores along the grain boundaries (GB) can
be successfully generated by PFM. Nevertheless, as discussed in the introduction part, it is still
highly challenging and/or time-consuming for PFM to generate the microstructure images with
stochasticity, periodicity, and controllability. Therefore, the PFM generated microstructure images
(termed as real microstructure) are used as the training data, and the trained DL approach, e.g.,
Stack-GAN-v2 in this study can then generate the microstructures (termed as synthetic
microstructure) with stochasticity, periodicity, and controllability, to be demonstrated in Section
2.3. Viewer can refer the Appendix A for more detail of the PFM.
Specifically, a total of 4,848 2D images (Fig. 2.2 (c)) were acquired by slicing simulated
3D images (Fig. 2.2 (b)) along x, y, and z directions, separately. These images were obtained by
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linearly mapping the Euler angles of grains to color space. For instance, black corresponds to 0o
and white to 360o of the Euler angle. Therefore, the orientations of grain could be distinguished by
their discrepancy in colors. Images as presented in Fig. 2.2(c) together with conditioning
information of parameter P and Z will be used as the inputs for the training of StackGAN-v2. In
order to verify that the microstructures generated by StackGan-v2 possess high stochasticity, the
pix2pix will be trained for comparisons. pix2pix was developed based on conditional GAN
(CGAN) [1] as a approach to image-to-image transfer. The special design of its architecture
intrinsically requires another image such as the GBs in this study as the condition information in
replacement of the parameter P. The GBs (Fig. 2.2(d)) were obtained by processing the 2D images
(Fig. 2.2(c)) using widely adopted software ImageJ [24, 25, 115-118]. Specifically, the images
obtained from the PF simulations were first transformed to 8-bit images of gray scale. Some GBs
were first detected on the transformed gray scale images by finding the edges of grains, followed
by thresholding to obtain all the GBs. The thresholded images were binarized with black and white
color only, which then were skeletonized to obtain images with only GBs.

Figure 2.2

Images of the microstructure of piezoceramics: (a) an experimental image of AM
BTO obtained by SEM, (b) a 3D microstructure statistically reconstructed by PFM
in a previous work, (c) 2D images obtained by slicing from (b), and (d) a GB
obtained by image processing of the top image in (c) via ImageJ. Notice that a
representative micropore along GB is marked by a red dashed circle in Fig. 2.2(a)
and 2.2(c), respectively.
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2.2.2

Microstructure reconstruction via StackGAN-v2
StackGAN-v2 developed by Zhang et al. [2] was modified for reconstructing the

microstructures of piezoceramics. This DL-based method was upgraded based on a two-stage
GAN (StackGAN) architecture developed by Zhang et al. [108]. Unlike vanilla GAN [59], the
StackGAN has two stages, and each stage contains one generator (G0 or G1) and one discriminator
(D0 or D1) as indicated in Fig. 2.3. The generators at each stage are used to generate synthetic
images of different resolutions, while the discriminators of their corresponding stage try to detect
the synthetic images from the real ones of the same resolution. Specifically, at the first stage, the
generator generates a preliminary sketch of a scene by entering a noise vector conditioned on a
text describing the scene. At the second stage GAN, the results obtained from the first stage and
the same text as that is used for the first stage are entered as inputs to produce higher resolution
images with much more details. The StackGAN-v2 used in this study contains more stages, thus,
can generate higher resolution of images as compared with StackGAN. Moreover, StackGAN-v2
can be employed for both conditional and unconditional generative tasks and displays a more
stable training behavior than the two-stage StackGAN does.
In this work, three stages or branches will be followed to generate high resolution (256 ×
256) images as illustrated in Fig. 2.3. Specifically, the noise vector Z of size m will be conditioned
on a constant vector P of size n in replacement of a vector of embedded text. The vector Z will
then concatenate with P to form an input tensor of size b + m + n, in which the b is the batch size.
In particular, the noise vector Z is used to control local stochasticity of the generated
microstructures, while the vector P is employed to control the global morphology of the
microstructures such as grain size and texture [105].
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•

An input tensor will be linearly transformed at first by a fully connected (FC) layer and
batch-normalized before entering the first stage, which consists of four upsampling layers
of factor two through an interpolation layer. The channel of resulted tensor will then be
reduced to 3 by a convolution layer of 3 × 3 to construct 3 × 64 × 64 low resolution images
as illustrated in Fig. 2.3.

•

Next, the obtained images and the P vector will be convolved together before entering the
second stage that contains two residual block layers and one upsampling layer of factor 2.
Like the generator at the first stage, the channel of the output tensor will be compressed to
3 to generate 3 × 128 × 128 medium resolution images (see Fig. 2.3). In particular, the
residual block layers are used as an encoder decoder network to correct incoherent artifacts
or defects yielded in the low resolution images [2]. Moreover, the noise vector Z will not
be added at this stage because the stochastic nature has already been induced by this vector
in the image generation at first stage.

•

The third stage has an identical setting as the second stage and can generate 3 × 256 × 256
high resolution images as depicted in Fig.2.3.
It should be noted that circular padding is applied to the data in all convolution layers of

the generators except for the first upsampling layer of the first stage. This circular padding will
enforce periodic microstructures when calculating the convolution, enabling the application of the
FFT-based method to determine the piezoelectric performance of piezoceramics. This is because
that the FFT-based method requests a periodic boundary condition, which can be readily defined
in periodic microstructures. The architecture of discriminator is the same as the original
conditional StackGAN [2], however, the P vector will not be convolved with images to calculate
a conditional loss as the conditional StackGAN does. Specifically, the discriminator at the first
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stage, the images are encoded by 16 times through a series of convolutional layers followed by
one 1 × 1 convolutional layer to jointly learn features across the image. Finally, a FC layer with
the Sigmoid function as its activation function is used to make a decision-score with 0 as a fake
and 1 as a real microstructure, as depicted in Fig. 2.3. The architectures of the discriminators at
the second and third stage are basically the same as that of the discriminator at the first stage with
the exception that more down-sampling blocks are required on the stage 2 and 3 due to larger sizes
of the images processed at those stages. Circular padding will not be applied to any layers of the
discriminators throughout all the stages with an assumption that the generators with cycle padding
can ensure the periodicity of microstructures.

Figure 2.3

Architecture of StackGAN-v2 used in this work, where P is a constant vector and
Z a noise vector. P is randomly drawn from a uniform distribution on the interval
[-1,1], while Z is chosen from a normal distribution (0,1), where 0 and 1 are the
mean and standard deviation of the distribution, respectively. G and D indicate the
generator and discriminator at different stages, respectively.
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2.2.3

Microstructure characterization metrics
In order to promote the application of computational methods in revealing the

microstructure-property relationship of piezoceramics, the computationally generated synthetic
microstructures must faithfully reflect the real microstructures. Thus, qualitative and quantitative
comparisons between the real and synthetic microstructures are necessary for validating the
computational microstructure models. The qualitative comparison is more straightforward and can
be implemented through visually inspecting the characteristics of key microstructure features
(location and shape of micro-pores, the size and shape of grains, etc.). While a quantitative study
has to be conducted to compare the key features in the real and synthetic microstructures by
employing both physical descriptors and statistical functions as microstructure characterization
metrics.
2.2.3.1

Physical descriptors
Physical descriptors such as VF of micro-pores is easy to implement and can be directly

applied for mining process, structure, and property relation. For instance, using the VF of
micropores in the AM BTO [119], the relations behind the weight ratio between ceramic particles
and polymer binders, microstructures with distinct VF of micropores due to different weight ratios,
and various piezoelectric charging coefficients d33 corresponding to different microstructures, can
be developed. However, the physical descriptor method usually ignores important morphology and
spatial correlation information such as the spatial distribution of micropores in the piezoceramics.
In the present study, physical descriptors of the microstructure features which have significant
effects on piezoelectric responses as indicated in the introduction will be adopted. Specifically, the
VF of residual micropores, the PDF of grain sizes, the number of neighboring grains and grain
orientations will be used as physical descriptors to quantify porous polygranular structures of AM
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piezoelectric materials.
2.2.3.2

Statistical functions
Statistical functions such as correlation and lineal-path functions are compliant to the

stochastic nature of the microstructures [38, 39] and can be used to obtain systematic and rigorous
descriptions of hierarchically internal microstructures. Therefore, the statistical functions are
remarkably useful in microstructure characterization and verification of the reconstructed
microstructures. In the present study, a two-point correlation function S2(r) and a lineal-path
function L2(r) are used to characterize the morphology of heterogeneous media featured in the
microstructures of piezoceramics. S2(r) aims at finding the probability V that the end points belong
to the same phase qi of interest (e.g. the micropore phase) when randomly tossing a line of distance
r on the microstructures [32, 106]; it is thus defined as:
𝑺𝟐 (𝒓) = 𝑽(𝒙 ∈ 𝒒𝒊 , 𝒙 + 𝒓 ∈ 𝒒𝒊 ) for 𝒙, 𝒓 ∈ 𝕽

(2.1)

L2(r) is similar to S2(r) except that its goal is to find the probability that all the points on the line
are from the same phase qi when throwing a line of distance r. Jointly, these two functions can
capture spatial correlation and connectivity characteristics of the microstructure features so as to
facilitate the understanding of their influence on the performance of piezoelectric materials.
2.2.4

FFT-based physical simulation
Finally, the effective piezoelectric responses and their spatial distributions (e.g.,

piezoelectric charging constants d33) would be compared between synthetic and real
microstructures as a final assessment of the computational methods and models applied in this
research. In particular, a Fourier spectral iterative perturbation method (FSIPM) based on FFT was
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adopted to solve the equilibrium equations in a periodic system because this method is an efficient
and direct numerical algorithm [120-122]. An external electric field Eext = 2×107 (V/m) was
applied in the poling direction with a stress-free mechanical boundary condition assigned. Poled
BTO [123] was selected as the ceramic phase in this work because of its popularity as a lead-free
piezoelectric material.
2.3
2.3.1

Results and discussion
High resolution microstructures with more details
Fig. 2.4 depicts synthetic microstructures of different resolutions using one-stage, two-

stage, and three-stage StackGAN respectively (see Fig. 2.4(a)-(c)). The real microstructure is also
provided for the purpose of qualitative comparison. From that figure it can be seen that the size,
shape, and location of the grains in the polycrystals generated via the improved StackGAN,
especially those observed in the high-resolution image generated by the three-stage model, closely
resemble the real ones. In addition, the location and shape of micropores are successfully emulated,
which mostly appear at the GBs with irregular shapes. Moreover, comparing the reconstructed
microstructures with different resolutions it can be found that a higher resolution image is sharper
and can provide more details on the GBs and the morphologies of micropores as depicted in the
synthetic microstructure displayed in Fig. 2.4(c). This could be attributed to the encoding and
decoding nature of the generators, and more information learned from conditioning variables in
the stages of higher resolution [2]. The capability to generate different resolutions of
microstructures has advantages compared with the StyleGAN based architectures [124] that can
only output microstructures fixed at the size of training images. The ability to add more details of
microstructure features demonstrates its superiority to those single-stage GANs [105, 106] that can
only generate images with various sizes but cannot add any details of microstructure features in
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the images of larger size. The grain microstructures of piezoceramics containing more details of
microstructure features can have many benefits. For instance, it can enhance the simulation
accuracy when predicting the effects of these microstructure features on the effective piezoelectric
properties.

Figure 2.4

2.3.2

Comparison between (a)-(c) synthetic microstructures with resolutions 64 × 64,
128 × 128, 256 × 256, respectively, and (d) the real microstructure. Notice that
more details such as the morphologies of micropores are reflected in the higher
resolution images as marked by a white dashed circle.

Microstructure with periodicity
Polycrystals with periodicity in four directions, i.e., four edges of the image are

successfully generated as presented in first two columns of Fig. 2.5. A real microstructure (last
two columns of Fig. 2.5) without periodicity is also presented for comparison. As mentioned
above, the periodicity of the reconstructed microstructures is induced by adding the circular
padding in the generators except for the first upsampling layer. During the calculation of the
material properties, e.g., piezoelectric properties of piezoceramics using FSIPM in the present
study, RVEs of the microstructures together with periodic boundary conditions are often used to
save computing time and efforts [84, 87, 125, 126]. It is noted that a microstructure without
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periodic boundaries cannot be used as an RVE. This is because the grains at left/right or top/bottom
edges of the microstructure cannot be combined into the same grains, when the grain structure is
joined as a periodic unit cell, as marked by red dashed circles in the last two columns of Fig. 2.5
On the other hand, the grains at the four edges of synthetic structures can form into the same grains,
respectively, because they are complementary with other in terms of grain shape, and have the
same color (i.e., pixel value) as indicated in the red circles in in the first two columns of Fig. 2.5.
The microstructures with periodic boundaries can significantly reduce the simulated volume size
of the microstructures considered to be the RVE of an original microstructure. Therefore, the
periodic microstructures can make these simulations more efficient, which enable them as ideal
candidates for materials design and optimization [106].
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Figure 2.5

2.3.3

Illustration of periodicity in a synthetic microstructure (the first two columns)
along four directions. A real microstructure generated by PFM with no periodicity
is shown in the last two columns for comparison. Notice that the 2×2 array of the
images consists of images for the same real or synthetic microstructure. The red
circles indicate the grains at top and bottom or left and right edges of the
microstructure which can (for synthetic) or cannot (for real) form into a grain,
respectively.

Microstructures with high variability yet of statistical equivalency
The images generated by the multi-stage StackGAN do not simply copy of the training

images but also learn a representation of the high-dimensional probability distribution underlying
the images space from the training datasets. This section will demonstrate that the microstructures
generated by StackGAN-v2 shows high variabilities and are statistically equivalent to the real
microstructures in terms of key physical descriptors and statistical functions. On the contrary, the
images generated by the pix2pix look like copies of the training images, i.e., almost no
stochasticity in terms of grain size and grain orientation can be observed in the output from pix2pix
(see Fig. 2.6). This phenomenon could be attributed to that the generator learned to ignore the
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noise vector Z due to the conditional data (e.g., GB in the present study) is complicated enough to
provide sufficient information to the generator [61]. Thus, the noise vector Z is not able to provide
stochasticity in the synthetic microstructures, resulting in merely deterministic outputs . Since
exploring the space of material morphologies is critical to the investigation of the microstructural
effects on the piezoelectric properties, only the results generated by the multi-stage StackGAN-v2
will be discussed in later sections.
2.3.3.1

Physical descriptors
The statistical equivalence between the real and synthetic microstructures can be compared

in terms of some key physical descriptors such as VF of micropores and PDFs of normalized grain
areas and radius, and PDFs of number of neighboring grains and crystal orientations, as presented
in Fig. 2.7(a). The curves and columns in that figure were plotted based on average values of the
corresponding physical descriptors of 100 samples of real and synthetic microstructures. Those
samples were randomly chosen from the datasets of real and synthetic microstructures to allow for
a statistically meaningful comparison. The average VF of pores is 5.89% with a standard deviation
of 0.016 for the real microstructures and 5.52% with the standard deviation of 0.013 for the
synthetic microstructures. The VFs of micropores of each microstructure were obtained by setting
a threshold of pixel values as 0.3 after all the images had been converted to gray scale images in
portable network graphics (PNG) with pixel values ranging from 0 to 1. The area of a grain in the
microstructures were determined by counting the number of pixels located within the boundaries
of that grain, and then an equivalent grain radius was defined to be the radius of a circle with the
same area of that grain. The number of neighboring grains were obtained by analyzing each of the
samples using ImageJ. As can be seen from the Fig. 2.7(a), the PDFs of the normalized grain area
and radius, and the number of neighboring grains obtained from the real and the synthetic
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microstructure closely agree well with each other. Those values are well fitted by lognormal
distribution functions (Fig. 2.7(a)), which match agreeably with the curves obtained from
experiments. [125]. Crystal orientations of each microstructure were obtained using the method
described in subsection 2.3.3.3. As presented in Fig. 2.7(a), the PDFs of crystal orientations have
a close match with each other. In particular, those values are well fitted by normal distribution
functions, which indicates both the real and synthetic microstructures exhibit a low texture with
almost random distribution of crystal orientation. But as will be demonstrated in subsection 2.3.4,
the crystal orientation can be easily controlled to achieve grain microstructures of different
textures.

Figure 2.6

Comparison between real microstructures (top row), synthetics structures
generated by the pix2pix (mid row) and StackGAN-v2 (bottom row). Notice only
minor stochasticity can be observed in the synthetic microstructures generated by
pix2pix.
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Figure 2.7

Comparison between real and synthetic microstructures in terms of (a) physical
descriptors, and (b) statistical functions.
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2.3.3.2

In terms of statistical functions
S2(r) and L2(r) of the micropore phase between the real and synthetic microstructures were

compared using the same samples as those used in comparing physical descriptors (Fig. 2.7(b)).
The graphs were plotted using the mean values of the S2(r) and L2(r) of the real and synthetic
microstructures, separately. As can be seen from Fig. 2.7(b), statistical functions obtained from
the synthetic microstructures match with those of the real ones very well. Although there are some
deviations from the statistical functions of the real microstructures, those deviations are still within
the ranges of standard deviations of the statistical functions of the real microstructures. In
particular, the range of the standard deviation of the statistical function of the synthetic
microstructures is wider than that of the real microstructures. This indicates that the multi-stage
StackGAN has successfully learned a representation of a high-dimensional probability distribution
from the training images that are a representative sample of the probability distribution underlying
the image space [59]. This would be extremely valuable for studying the microstructure effects on
the piezoelectric properties as will be demonstrated in section 2.3.4. In addition, since the microporosity VFs in both the real and synthetic microstructures are low, as the pixel distance r
increases, the probability of finding that the two endpoints of a line with a distance r belong to the
micropore phase becomes more difficult. When the distance reaches 30 pixels, it becomes almost
impossible to find these two endpoints on a line belongs to the micropore phase. This phenomenon
becomes more obvious for the lineal-path function because the lineal-path function requires all
points within the line belong to the micropore phase. As shown in the right graph of Fig. 2.7(b),
the probability of finding all the points in that line is almost zero when the distance exceeds 20
pixels.
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Therefore, through both the qualitative and quantitative comparison between the real and
synthetic microstructures, it has been proved that the improved StackGAN successfully learned
the statistics of microstructure features in the real microstructures. In particular, the synthetic
microstructures exhibit a higher variance in all the comparison metrics compared with those of
real ones.

2.3.3.3

In terms of piezoelectric response
This section focuses on the effects of the microstructure features, which exist in the

piezoceramics fabricated using both traditional [127, 128] and AM [87] process, on their
piezoelectric responses. In this study, the piezoelectric responses are indicated by the piezoelectric
charging constant d33 and relative permittivity κ33. Fig. 2.8 compares d33 calculated based on the
real microstructure and a high-fidelity one generated using the multi-stage StackGAN. Their PDFs
of key physical descriptors (e.g., grain orientation), statistical functions, and VFs of micropores
are close to each other. In particular, the grain orientations in piezoceramics are described by three
independent Euler angles (θ, ψ, ξ) [73, 76, 89, 129], which correspond to three consecutive
counter-clockwise rotations with respect to the global coordinate (𝑥1 , 𝑥2 , 𝑥3 ), as θ about the 𝑥3 axis, ψ about the rotated 𝑥1′ -axis and ξ about the newest 𝑥3′ -axis. The pixel value of each grid point
in a grayscale image in PNG format (first column of Fig. 2.8) ranges from 0 (black) to 1 (white),
while the ψ value of each grid point ranges from 0 to 360o. Therefore, ψ of each grid point can be
obtained by multiplying the pixel value of that grid point with 360o. The angle ξ can be obtained
by solving the following equation.
𝑭(𝝃) = 𝟎. 𝟓 ⋅ [𝟏 − 𝒄𝒐𝒔(𝝃)]
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(2.2)

Where F has a uniform distribution ranging from 0 to 1, ξ is no greater than 180o , and θ equals to
a value randomly chosen from the interval [0,1] multiplied by 360o. In addition, both ξ and θ are
uniform for a same grain. Through mapping the pixel values of all the grid points to the
corresponding Euler angles ψ, a distribution of pixel values could be transformed to an appropriate
distribution of grain orientations. Notice that the Euler angles can be transformed to acute angles
according to the equation as below when considering the poling process. Please refer to the
supporting information for the details of poling process.
𝒄𝒐𝒔(𝒙) = |𝒄𝒐𝒔(𝒙)|

(2.3)

Thus, the three Euler angles can be assigned to each grid points in the real and synthetic
microstructures using the method described above. By employing the FSIPM method as described
in subsection 2.2.4, the effective d33 and κ33 of the real and synthetic microstructures can be
calculated. Specifically, the effective d33 is found to be 152.3 and 152.1 pC/N, while the effective
κ33 is 1529 and 1556 for the real and synthetic microstructure, respectively. As seen in the third
and fourth column of Fig. 2.8, the calculated spatial distributions of the longitudinal stress σ3 and
the internal longitudinal electric field E3 of the real and synthetic grain structures are identical. In
particular, the concentration of these two fields can be observed near the interface between the
micropores and grains, which are positive in micropores and negative in their neighboring grains
as marked by a black dashed circle. This phenomenon contributes negatively to effective d33 and
may be attributed to the large mismatch of the κ33 and d33 between micropores and neighboring
grains [73, 89].
The identical results obtained from the real and synthetic grain microstructures confirm
that the multi-stage StackGAN is capable of effectively learning the data distribution of
microstructure features and precisely capturing their details. Therefore, the microstructures
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reconstructed using the multi-stage Stack-GAN can replace the real microstructures for studying
the microstructure-property-performance relationship of piezoceramics and their composites.

Figure 2.8

2.3.4

Calculated spatial fields of d33 for real (top) and synthetic (bottom) grain
structures. Longitudinal stress σ3 and internal longitudinal electric field E3 are
induced nearby micropore areas, such as the ones marked with black dashed
circles.

High controllability of microstructures: an ingredient toward materials-by-design
The capability to control micromorphology in a large space can greatly help the optimal

design of materials. The proposed approach can obtain this capability once being trained by
exploration of the underlying space in the microscopic images. Specifically, the PDFs of
microstructure features can be tuned conveniently by manipulating the parameter P and/or Z.
While P can be used to control the global micromorphology and Z to control stochastic variations
in the microstructure [105].
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2.3.4.1

Microstructure control via parameter P
During training, the numerical value of each element in P is set as a same constant that can

be drawn from a uniform distribution on the interval [-1,1]. However, at inference time,
microstructures with distinct PDFs of the microstructure features can be obtained by assigning
each element in P with a different value. This can be easily done by drawing the values from a
normal distribution (μ, ρ), where μ and ρ represent mean and standard deviation of the distribution,
respectively. Some representative microstructures that generated by setting μ and ρ as 0.1 and 0.3,
respectively, are presented in the supporting information. Herein, we demonstrate the high
controllability of the PDFs of two important microstructure features by varying the value of ρ after
selected two apppropriate vectors Z1 and Z2. Moveover, the significant effects of these two features
on piezoelectric properties and their underlining mechanisms will be discussed. Through this, the
proposed approach exhibits its full potential for optimal microstructure design of piezoceramics.
Specifically, two groups of grain microstructures with wide range of PDFs of crystal
orientation and VF of micro-pores were synthesized. Several of these two series of microstructures
are illustrated in Fig. 2.9, which display the gradual change of the crystal orienation (first row) and
VF of mciro-pores (second row), respectively. As can be seen, the crystal orientations of the grain
microstructures of the first row of Fig. 2.9 become increasingly uniform due to the color of the
images smoothly turn to white. The change of color (pixel value) arouses corresponding variation
of Euler angles based on the mapping relation as discussed in section 2.3.3.3. This would
subsequently alter the PDFs of crystal orientation and thus the corresponding piezoelectric
properties as will be demonstrated in chapter 3. Similarly, the VF of micro-pores of the second
row become larger with the increase of the value of ρ. Moreover, the increment of micro-pores
mainly occurs at the GB, which is the main characteristic of micro-pore distribution of the real
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microstructures. Notice that the grain sizes of these two series of grain microstructures remain
almost unchanged. This allows for the high controllability of the characteristics of specific
microstructure feature, thus pave the way toward materials-by design.

Figure 2.9

2.3.4.2

Fine tuning the characteristics of microstructure features (crystal orientation and
VF of porosity) by manipulating the standard deviation ρ of P parameters.

Microstructure control via parameter Z
While the PDF of crystal orientation and VF of micro-pores can be conveniently and

rapidly controlled by ρ, noise vector Z could be used to manipulate the PDFs of another important
microstructure feature i.e., grain size [91, 130, 131]. Specifically, the microstructure features can
be fine-tuned by the linear interpolation of two noise vectors Z1 and Z2 through y(ε) = ε·Z2 + (1ε)·Z1 while fixing the vector P. Through the interpolation, a smoothly varying range of
microstructures can be generated as depicted in Fig. 2.10. It should be noted that when ε = 0 or 1
the first and last microstructure in the Figure can be obtained, respectively. The smooth transition
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of microstructure features is illustrated by the grain marked with a red dashed circle. As can be
seen, the grain grows smoothly with the ε increasing from 0 to 1 until it combines with other grains
to form a larger grain. While the grain marked with a yellow dashed circle shrinks continuously
until its place is occupied by other grains. It is worthy to point out that the capability of generating
smooth variation of microstructure suggest the inexistence of mode collapse in which low
variability in the generated images can be observed when different input (e.g., noise vector Z in
the present study) are inputted into the generators. In other words, the generator converges to a
state that consistently generates identical synthetic microstructures. This indicates that the
generator does not memorize the training data, instead, it learns the underlying latent data
distributions from high-dimensional data (e.g. images of grain microstructure in present study)
[106, 132].

Figure 2.10

Linear interpolation between two noise vector Z1 and Z2. The smooth transition of
microstructure features indicates that the mode collapse does not exist.
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2.4

Conclusion
In this study, a novel DL-based multistage StackGAN methodology is established for the

reconstruction of synthetic microstructures of AM piezoceramics. Results from the qualitative and
quantitative comparisons show that the reconstructed microstructures via this DL-based approach
are statically equivalent to the real ones. More details of the microstructure features such as
micropore morphology can be added in higher resolution images. Also, the images generated using
StackGAN-v2 outperform the images generated using other state-of-the-art methods in precisely
and completely capturing all features in the real microstructures. Another strength of the proposed
DL-based microstructure reconstruction method is that such a method allows for the generation of
microstructures with periodic boundary conditions. The FFT-based numerical methods such as
FSIPM then can be readily applied on such microstructure models to determine material properties.
Moreover, it has been verified that the proposed StackGAN-v2 method is capable of expanding
the range of morphological variation. The variation ranges of the features in the generated
microstructures (e.g., crystal texture, grain size, porosity VF) are much wider than those of the
features in the real microstructures. In addition, the proposed method can precisely control the
PDFs of microstructure features by manipulating P and/or Z vectors with the StackGAN-v2
method. All these traits make the presented StackGAN-v2 method an effective and powerful tool
in investigating the structure-property-performance relationship of the piezoelectric materials.
Through the calculations of piezoelectric properties on a large ensemble of the
morphology-controlled microstructures, the quantitative relations between the microstructure
features and the piezoelectric properties and responses could be established by coupling with
machine-learning models [133, 134]. This would pave the way for quantify the effect of the
microstructure stochasticity and/or uncertainty on the piezoelectric properties, i.e., structurer50

property relation in a statistical fashion. The high controllability to generate the microstructure
morphologies opens a new avenue to optimize piezoceramics and their composites to achieve
desired piezoelectric and electromechanical properties by searching the microstructure
morphologies in the large space. The results of this study will benefit industry because the
piezoceramics and piezocomposites have been widely used in transducers [86, 135], biomedical
applications [136, 137], and other wearable electronics for a wide range of applications including
mechanical sensing [138, 139] and energy harvesting [85, 140]. Based on the outcomes of this
study, a continued research of linking process, structure, property, and performance for AM
piezoceramics and piezocomposites is underway, which will lead to guidelines of acquiring those
piezoelectric materials with optimal properties by choosing appropriate AM processes and process
parameters.
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CHAPTER III
A TWO-SCALE MODEL FOR THE INVESTIGATION OF MICROSTRUCTURAL
EFFECTS ON THE EFFECTIVE PIEZOELECTRIC RESPONSES OF
ADDITIVELYMANUFACTURED TRIPLY PERIODIC
BI-CONTINUOUS PIEZOCOMPOSITE

3.1

Introduction
Piezocomposites have attracted enormous attention both in academia and industry due to

their great potential in many applications such as wearable electronics, healthcare sensors and
hydrophone. Based on the connectivity patterns between the ceramic and polymer phases [141,
142], piezocomposites can be represented by an index of two numbers, e.g. 1-3. The first number
indicates the dimension in which the active phase (i.e., piezoelectric ceramic) is self-connected,
and the second number denotes the dimension in which the passive phase (i.e., elastic polymer) is
self-connected.
Of all the most studied connectivity patterns, including 0-3[143-145], 1-3[146], 2-2[147]
and 3-3[9, 148, 149], 3-3 piezocomposites have been demonstrated to be the most promising
architecture with higher flexibility and piezoelectricity than the others[109]. A 3-3 piezocomposite
has both ceramic and polymer phases interconnected in three-dimension (3D) and is hence called
bi-continuous piezocomposite. In such a material, the interface between the two phases is a 3D
continuous surface. According to our recent work [109], the geometry of the phase interface of a
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bi-continuous piezocomposite plays an important role in promoting its piezoelectric properties. In
recent years, there has been a growing interest in designing the interfaces of bi-continuous
composites with triply periodic minimal surfaces [150-152] for enhanced mechanical properties.
These surfaces provide better elastic properties and load transfer and exhibit a unique combination
of stiffness, strength and energy absorption as compared with the other geometric arrangements of
the constituents [151]. These excellent properties offer the potential to produce flexible
piezocomposites with high piezoelectricity. Inspired by these studies, we employed triply periodic
minimal surfaces to design the phase interfaces of bi-continuous piezocomposites in our recent
study [87]. The achieved bi-continuous piezocomposites were named as triply periodic bicontinuous (TPC) piezocomposite. In the study, A recently developed additive manufacturing
process named suspension-enclosing projection-stereolithography (SEPS) process was employed
to fabricate the TPC piezocomposites [119] due to the poor 3D interconnectivity of the comprising
phases of the structures manufactured by conventional form fabrication techniques[9].
Nevertheless, ceramic skeletons fabricated the SPES still contain various kinds of
microstructural features such as differently oriented grains, distinct grain sizes, and various VFs
of residual pores as depicted in Fig. 3.1. This may be attributed to different process conditions
such as different layer thickness and weight ratio between ceramic particles and polymer binders.
In addition, the infiltrated polymer is usually very soft and may experience a nonlinear geometrical
change when subjected to external stimuli, especially for the TPC piezocomposites with
complicated morphology inherently possessed due to their sophisticated topologies. These
microstructural features and topologies are considered to have significant effects on both
mechanical and piezoelectric properties [22, 42, 73, 76, 84, 89, 126, 150-154]. Undoubtedly,
systematically evaluating their effects will be beneficial to understand the piezoelectric
53

performance of polarized TPC piezocomposite and provide guidance for further improvement by
optimizing microstructures through design of the SEPS process.
To evaluate the effective properties of polycrystalline piezoelectric, several analytical and
numerical methods have been developed. Luchaninov et al. [69] adopted the theoretical method
of simple Voigt average, while many others [70-72] employed effective medium methods, but all
failed to incorporate the effects of microstructures with complicated morphologies and spatial
correlations. Garcia et al. [73] studied the effect of microstructure on the macroscopic properties
of polycrystalline piezoelectric using finite element method (FEM), in which the microstructures
were generated by Voronoi tessellation. Lee et al. [76] integrated experimental and modeling
techniques to optimize the microstructures of lead-free piezoceramics using microstructures
reconstructed based on experimental images through Monte Carlo algorithm. Though their
findings are significant, they did not incorporate other important microstructure features such as
residual micro-pores. Ming et al. [89] Successfully studied the micro-porosity effect on
piezoelectric response, but the microstructure used for the simulation may not be statistically
equivalent to that of experiments. In addition, none of them have ever studied the microstructures
prepared by additively manufacturing (e.g., SEPS in present study) that may have significant
differences in comparison with conventional processes. Moreover, despite these studies in the
microstructure effects in the ceramic scale, none of them ever coupled these effects with those of
the composite scale by considering topology effects.
In the present study, a novel two-scale model (see Fig. 1.1) consisting of ceramic grain and
composite scale is proposed to properly account for the characteristics of these two scales,
respectively. FEM and spectral iterative perturbation method (FSIPM) are adopted to
systematically investigate the coupled effects of microstructures (e.g., residual micro-porosity) and
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geometry parameters in the piezoelectricity of polarized AM TPC piezocomposites. Design maps
for tailoring the hydrostatic piezoelectric properties of these piezocomposites are presented,
exceptionally high HFOM are obtained at various micro-porosity levels and geometry parameters.
In addition, the relations between these hydrostatic piezoelectric properties of the TPC
piezocomposites and the degree of 3D connectivity are established. Piezoelectric constant
measurements are performed on the products manufactured by the SEPS to validate the numerical
results both in the ceramic grain scale and composite scale, respectively.

3.2

TPC piezocomposite structures
According to previous studies [150, 155, 156], triply periodic minimal surfaces can be

approximated by the well-established level set structures. In this work, three types of level set
structures were investigated, which consist of simple cubic (SC), face-centered-cubic (FCC) and
body-centered-cubic (BCC), as depicted in Fig. 3.1. These three level set structures are defined by
the following equations, which are basically periodic unit cells with a period of 2π:
𝒇SC = 𝒄𝒐𝒔(𝒙) + 𝒄𝒐𝒔(𝒚) + 𝒄𝒐𝒔(𝒛) + 𝒖 = 𝟎

(3.1)

𝒇BCC = 𝒄𝒐𝒔(𝒙) 𝒄𝒐𝒔(𝒚) + 𝒄𝒐𝒔(𝒙) 𝒄𝒐𝒔(𝒛) +
𝒄𝒐𝒔(𝒚) 𝒄𝒐𝒔(𝒛) + 𝒖 = 𝟎

(3.2)

𝒇FCC = 𝒄𝒐𝒔(𝒙) 𝒄𝒐𝒔(𝒚) 𝒄𝒐𝒔(𝒛) + 𝒄𝒐𝒔(𝟐𝒙) 𝒄𝒐𝒔(𝟐𝒚)
+ 𝒄𝒐𝒔(𝟐𝒙) 𝒄𝒐𝒔(𝟐𝒛) + 𝒄𝒐𝒔(𝟐𝒚) 𝒄𝒐𝒔(𝟐𝒛) + 𝒖 = 𝟎

(3.3)

where (x, y, z) is the coordinate of a point on the interface, and u is a constant that determines the
VF of the phase inside the interface with respect to the unit cell. Various interfaces representing
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different VFs and connectivity of ceramics can be generated by adjusting the value of parameter u
in Eqns. (3.1) – (3.3), as demonstrated in Fig. 3.1.

Figure 3.1

3.3

Phase interfaces of simple cubic, face-centered-cubic, and body-centered-cubic
with different VFs of ceramics. Certain VF of ceramics can be achieved by
adjusting the value of u. From left to right, the VF of ceramics is 10%, 20%, 25%,
44%, 86%, respectively, for SC and BCC. While FCC this is opposite, i.e., from
right to left side the VF of ceramics is 10%, 20%, 25%, 44%, 86%, respectively.

Fabrication method
After a phase interface is defined for the TPC piezocomposite, the volume within the

interface is designed as the ferroelectric ceramic phase and that outside the interface is defined as
the flexible polymer phase. To construct this TPC piezocomposite, the volume inside the interface
is first converted into a computer-aided-design (CAD) model of the ceramic phase. The CAD
model is then input into a recently developed AM process i.e., SEPS, to build a ceramic lattice
structure including both ferroelectric ceramic particles and undesired polymeric binders. Two post56

processing steps including debinding and sintering are required to remove the polymeric binder
and densify the ceramic particles of interest left behind. Afterwards, the interconnected macroscale pores within the ceramic lattice structure are infiltrated with a flexible polymer. The flexible
polymer together with the ceramic phase comprise the TPC piezocomposite structure containing
the defined phase interface. Following that, the obtained TPC piezocomposite structure undergoes
post-processing, including electroding, wiring and poling, to induce piezoelectric functionalities.
More details of this novel AM process can be found in our recent papers [87, 157].
3.4
3.4.1
3.4.1.1

Two-scale model
Ceramic grain scale
Calculation of piezoelectric responses of ceramics via FSIPM
In a polycrystalline material, material properties show a spatial distribution depending on

the orientation of the grains. The elastic stiffness tensor, relative permittivity, and piezoelectric
coefficient of each grain in the global coordinate are obtained through employing a rotation
transformation of the tensors in its local coordinate according to the grain orientation. The details
of rotation transformation are given in appendix A.
Upon applying an external electric field, a negligible macroscopic piezoelectric response
is expected for unpoled samples. Therefore, polarity is needed to impart piezoelectric properties,
which can be given to an originally isotropic polycrystalline ceramic, permanently, by temporary
application of a strong electric field. This process is called poling. Before poling, the polarization
of a ferroelectric domain could align along any of the 6 directions of the local crystal axes, i.e.,
±𝑥 ′ , ±𝑦 ′ , and ±𝑧 ′ , for a material with a ferroelectric tetragonal phase such as BaTiO 3 ceramics
(BTO) used in this work. Upon poling, we assume that the polarization within each grains will be
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reoriented along one of the 6 directions which is closest to the poling direction, forming a uniform
domain within each grain.
Piezoelectric system involves two kinds of physics, i.e., mechanics and electrics, which
follow mechanical and electrostatic equilibria, respectively. The piezoelectric constitutive
equations that couple the mechanical and electric fields in Voigt notation are [158, 159] :

𝑫𝒊 (𝒙) = 𝒅𝒊𝒒 (𝒙)𝝈𝒒 (𝒙) + 𝜿𝟎 𝜿𝝈𝒊𝒌 (𝒙)𝑬𝒌 (𝒙)

(3.4)

𝜺𝒑 (𝒙) = 𝒔𝒑𝒒 (𝒙)𝝈𝒒 (𝒙) + 𝒅𝑻𝒌𝒑 (𝒙)𝑬𝒌 (𝒙)

(3.5)

𝜎
Where κ0 is the vacuum electric permittivity, 𝜅𝑖𝑘
is relative permitivity at constant stress. 𝜀𝑝 and

𝜎𝑞 are strain and stress tensor, respectively. 𝐸𝑘 and 𝐷𝑖 are electric field and displacement,
respectivley. 𝑠𝑝𝑞 and 𝑑𝑘𝑝 are elastic compliance and piezoelectric tensor, respectivley. Eqns. (3.4)
and (3.5) are for direct and converse piezoelectric effect, respectively.
The governing equation can be written as:
𝑫𝒊,𝒊 = 𝟎

(3.6)

𝝈𝒊𝒋,𝒋 = 𝟎

(3.7)

In calculating the piezoelectric response of the ceramic phase under mechanical and
electric fields, Eqns. (3.4)-(3.7) were numerically solved through employing the FSIPM, which is
an efficient and direct numerical algorithm for solving equilibrium equations in a periodic system,
especially for the system in this work with inhomogeneous properties [120-122]. The method of
calculating the effective properties of the ceramic phase is described in Section 3.4.3. External
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electric field 𝐸 ext = 2 × 107 (V/m) is applied along the poling direction, i.e., z-axes, while a
stress-free mechanical boundary condition was employed.
Poled BTO [123] was selected as ceramic phase in this work because of its popularity as a
lead-free piezoelectric material. The elastic stiffness, piezoelectric coefficients and dielectric
relative permittivity of pores were set as 0, 0 and 1, respectively. The material constants including
the piezoelectric constant, dielectric relative permittivity and elastic stiffness are tabulated in
appendix B.
3.4.2
3.4.2.1

Composite scale
Calculation of piezoelectric responses of TPC piezocomposite via FEM
The FEM was used to predict the piezoelectric responses of the polymer-ceramic

composites under same boundary conditions as that of ceramic grain scale, by taking a RVE. The
piezoelectric constitutive and governing equations that couple the mechanical and electric fields
are the same as Eqns. (3.4)-(3.7) [158, 159]. However, the mechanical strain involves both
geometrically linear and nonlinear parts by considering the large deformation originated from the
“soft” nature of polymer subjected to a certain large mechanical loading, as
𝜺𝒊𝒋 = 𝜺𝑳𝒊𝒋 + 𝜺𝑵𝑳
𝒊𝒋
where

(3.8)

1

and 𝜀NL,𝑖𝑗 = 2 (𝑢𝑘,𝑖 𝑢𝑘,𝑗 ) in which {𝒖}is the displacement vector.
Detailed numerical algorithm of FEM is elucidated in appendix C. All the governing

equations together with the numerical schemes are implemented through a commercial finiteelement software package, COMSOL 5.3. The periodic boundary conditions are used for RVE. To
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establish grid independence, the system mesh was set with a smallest element size of 0.05mm
based on solution convergence trials. Note that indices 1, 2, and 3 represent the x-, y-, and z-axes.
3.4.3

Calculation of effective properties of both ceramic and piezocomposite scales
Using the obtained equilibrium distributions of the strain and electric displacement fields

calculated by FSIPM and FEM based on the boundary conditions defined previously, the effective
piezoelectric coefficient tensor of the ceramics and TPC piezocomposites are calculated as

𝜿eff
𝒊𝒋 =

̄𝒊
𝟏 𝑫
𝜿𝟎 𝑬ext
𝒋

(3.9)

𝜺̄ 𝒊
𝑬ext
𝒋

(3.10)

𝒅eff
𝒊𝒋 =

eff
eff
where 𝜅𝑖𝑗
and 𝑑𝑖𝑗
are effective relative permittivity and piezoelectric coefficient, respectively.

𝐷̄𝑖 and 𝜀̄𝑖 are average electric displacement and average strain, respectively, calculated by volume
homogenization method as:

̄𝒊 =
𝑫

𝟏
∫ 𝑫𝒊 (𝒙)𝒅𝒙
𝑽

(3.11)

𝜺̄ 𝒊 =

𝟏
∫ 𝜺𝒊 (𝒙)𝒅𝒙
𝑽

(3.12)

The internal longitudinal electric field 𝐸3int (𝑥) induced by 𝐸3ext is
𝒊𝒏𝒕(𝒙)𝟑 (𝒙)ext
𝟑

𝑬𝟑

(3.13)

With constitutive Eqns. (3.4), (3.5) and (3.11)-(3.13), the average piezoelectric strain 𝜀̄3 and
electric displacement 𝐷̄3 of BTO ceramics can be decomposed into the terms due to the internal
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electric fields and the stresses, and microstructural effects on piezoelectric responses are analyzed
associated with each field [89]
After obtaining the effective piezoelectric coefficient and relative permittivity, hydrostatic
constants including hydrostatic piezoelectric strain coefficient dh, hydrostatic piezoelectric voltage
constant gh, and HFOM can be calculated by:
eff
eff
𝒅𝒉 = 𝒅eff
𝟑𝟑 + 𝒅𝟑𝟏 + 𝒅𝟑𝟐

𝒈𝒉 =

𝒅𝒉
𝜿𝟑𝟑

HFOM = 𝒅𝒉 𝒈𝒉

3.5
3.5.1
3.5.1.1

(3.14)

(3.15)
(3.16)

Result
Microstructure effects on piezoelectric responses
Texture effect on effective piezoelectric responses
While the qualitative relation between the distribution of crystal orientation and ρ were

discussed in last chapter, the quantitative relationships between ρ and the crystal orientations of
the microstructure features (see first row of Fig. 2.9) are depicted in the Fig. 3.2(a). Of particular
note is that the crystal orientations are represented by the Euler angles ψ, which are obtained by
multiplying the pixel value of the images as discussed in section 2.3.3.3. Moreover, considering
the poling effect, the Euler angles ψ have been converted to acute angles using Equation 2.3. From
Fig. 3.2(a), significantly different crystal orientations can be achieved by controlling the value of
ρ. Specifically, with the increasing of the value of ρ, the PDFs of crystal orientation change from
normal distribution to lognormal distribution. The normal distribution indicates the randomness of
the crystal orientations, while the lognormal distributions imply that finding the Euler angle ψ that
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are less than 45o has much higher chance. The immense difference in the PDFs of crystal
orientation may induce significant piezoelectric properties of piezoceramics. The piezoelectric
responses of the grain microstructures including those in the first row of Fig. 2.10 were calculated
using FSIPM method and the results are presented in Fig. 3.2(b). As can be observed, starting from
ρ = 0.4, with the increasing of the value of ρ, the effective piezoelectric charging constant d33 and
relative permittivity ε33 increase dramatically. This is because of the PDFs of crystal orientation
lean toward left side gradually with the increasing of the value of ρ. The extent of differences in
piezoelectric properties of grain microstructures are closely reflected the resemblance in their
PDFs of crystal orientation. For instance, the PDFs of crystal orientation for ρ = 1.2 and ρ = 0.9
are close to each other, this results the similarity in their d33. On the other hand, due to the larger
difference in the PDFs of crystal orientation for ρ = 0.6 and ρ = 0.9, their corresponding d33 are
154.8 and 176.3 pC/N, respectively. In addition, the d33 (142.8 pC/N) of the grain microstructure
for ρ = 0.3 is slightly smaller than that (144.1 pC/N) for ρ = 0.01. This is attributed to the extent
the PDF of crystal orientation for ρ = 0.3 leans toward left is mildly smaller as compared with that
of ρ = 0.01.
To fully understand the mechanism through which the PDFs of crystal orientation affect
the piezoelectric properties, the spatial distribution fields of two grain microstructure (ρ = 1.2 and
ρ = 0.01) from the first row of Fig. 2.9 were plotted and presented in Fig. 3.2 (c). By comparing
their spatial fields of d33, the field of the grain microstructure (ρ = 1.2) is significantly stronger and
more uniform than that of the other grain microstructure. The less uniform field of d33 will induce
a higher longitudinal stress σ3 and a stronger internal longitudinal electric field E3 as can be
observed by comparison of these two spatial fields of them (see last two rows of Fig. 3.2(c)),
respectively. This is because of the strong mismatch of the d33 values between the neighboring
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grains. These two fields (σ3 and E3) will have detrimental effects on the materials’ piezoelectric
responses [89], thus result in significantly distinct effective d33 values in the two grain structures.

Figure 3.2

(a) High controllability of the PDFs of crystal orientation of grain microstructures
by manipulating the standard deviation ρ of parameter P. (b) The distinct PDFs of
crystal orientations induce dramatic change in piezoelectric properties. (c) Spatial
field distributions of longitudinal σ3 and E3 of the two grain microstructures that
have different PDFs of crystal orientation, which were obtained by assigning a
different value (ρ =1.2 or 0.01) to the standard deviation ρ of P parameters.
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3.5.1.2

Porosity effect on effective piezoelectric responses
The quantitative relation between the ρ and lineal-path statistical function L2(r) are

established in Fig. 3.3(a) based on the grain microstructures of the second row of Fig. 2.9. Overall,
the higher the value of ρ, the more probable to find the phase of micro-pores in the grain
microstructures. With the increasing of the length of line segment (r value), the probabilities of
finding all phases belong to micro-pores are decreasing. In addition, the statistical functions have
similar shape due to the only difference in microstructure features between those grain
microstructures are the VF of micro-pores, while the characteristics of the other microstructure
features (e.g., grain size) are identical. The VF of micro-pores of those microstructures can be
obtained from the value of statistical functions when the r equals to 0. The inset graph in Fig.
3.3(a) depicts the relations between VF of micro-pores and the ρ, where some points that
correspond to the symbols of statistical functions are marked by same color and shape. From the
inset graph, the higher the value of ρ, the higher VF of porosity can be concluded. Starting from ρ
= 0.4, they have almost linear relation with each other. Thus, the ρ of P can be used to conveniently
to control the VF of micro-pores of grain microstructures, which takes only millisecond using the
trained generator of StackGAN-v2.
To unravel the relation between the piezoelectric response and VF of micro-pores, the
piezoelectric response of the grain microstructures including those shown in the second row of
Fig. 2.9 were calculated using the FSIPM method and the results are presented in Fig. 3.3(b).
Before the calculation, the images were thresholded to the ones with only black and white color
that correspond to micro-pores and BTO piezoceramics, respectively. Through the thresholding,
only the effects of micro-pores on piezoelectric properties will be evaluated. From the Fig. 3.3(b),
the piezoelectric properties are severely deteriorated by micro-pores can be concluded. Overall,
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the porosity has stronger effect on ε33 as compared with that on d33, although at 0.109 VF of
micropores both reduced to only about 10% of those of the dense grain microstructures. Moreover,
when the VF of porosity is greater than 0.083 (ρ = 0.7), d33 start to decrease rapidly. To understand
this phenomenon, the spatial fields of the two grain microstructures (ρ = 0.8 and 0.01) were plotted
and presented in Fig. 3.3(c). Concentration of longitudinal stress σ3 and internal longitudinal
electric field E3 can be observed nearby the micro-pores. This may be attributed to the existence
of micropores that lead to strong mismatch of local d33 between the pores and the neighboring
grains. The mismatch will in turn induce the longitudinal stress σ3 and internal longitudinal electric
field E3, which have negative effects on the piezoelectric responses as describe in previous
paragraphs. The fields σ3 and E3 of the grain structure with a higher porosity level are much
stronger than those of the grain structure with a lower porosity level as reflected in the last two
rows of Fig. 3.3(c), which results in significant declines in piezoelectric properties. In addition,
from the perspective of the connectivity of piezoactive phase, some grains start to become isolated
from other grains when certain VF of micropores reached, as can be observed in the grain
microstructure from the first two images of first column of Fig. 3.3(c). The connectivity of
piezoactive phase (BTO) is thus significantly weakened, resulting in a severely decreased effective
d33.
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Figure 3.3

3.5.1.3

(a) High controllability of the lineal-path statistical functions of the grain
microstructures by manipulating the standard deviation ρ of parameter P. This
would control the VF of micro-pores simultaneously as shown in the inset graph.
The great controllability of VF of micro-pores can provide convenient way to
desired piezoelectric property as shown in (b). (c) Illustrate the underlining
mechanisms for the effect of micro-pores on piezoelectricity.

Grain size effect on effective piezoelectric responses
The capability to span the spaces of microstructure by the interpolation of noise vector can

be fully utilized to control the physical descriptors such as the PDFs of normalized grain size and
average grain radius as depicted in Fig. 3.4. These statistics were obtained by analyzing the
microstructures presented in Fig. 2.10. Specifically, at small ε, PDFs are fitted well by normal
functions, and with the increase of ε, they become best fitted by lognormal functions.
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Simultaneously, the average grain radius become increasingly larger. Therefore, the characteristics
of grain size can be easily controlled through the interpolation of two noise vectors. This high
controllability would not be easy to achieve by using other types of machine learning based method
[55, 105].
eff
As can be seen in Fig. 3.4(b), the effective piezoelectric coefficient 𝑑33
decreases with the

decreasing of average grain radius Rv, which is consistent with result in [160]. For instance, the
calculated d33 for two polycrystalline structures with average grain radius 3.196 μm and 7.498 μm
are 151.3 and 156.9 pC/N, respectively. To understand this result, the cross-section views in y-z
plane for the distribution of longitudinal stress σ3 (third row of Fig. 3.4(c)) and internal
longitudinal electric field 𝐸3int (last row of Fig. 3.4(c)) are plotted for these two structures, resulting
from an applied external electric field. As can be seen, although the mismatch of the relative
permittivity (ranging from 1500-1700) between different grains is weak, the concentration of the
𝐸3int still can be seen in the GBs or corners between them. Similar to the analysis in porosity effect,
it contributes negatively to the average piezoelectric response 𝜀̄3 according to Eqns. (3.5) and
(3.12). Moreover, the magnitude of 𝐸3𝑖𝑛𝑡 for the structures with Rv = 7.498 μm is smaller than that
of the structure with Rv = 3.196 μm as can been in last row of Fig. 3.4(c). This decreased
inhomogeneity further decreases the magnitude of reduction in 𝜀̄3 . In addition to the internal
electric field, the inhomogeneous distribution of σ3 can be observed along the interfaces between
well-oriented and misoriented grains (third row of Fig. 3.4(c)) due to relatively weak mismatch of
d33 (first row of Fig. 3.4(c)) between them, with σ3 > 0 in misoriented grains and σ3 < 0 in welloriented ones that are transferred by the shear stress at the GBs. The discrepancy in elastic stiffness
(146 GPa to 151 GPa) of each grain is weak due to poling process. Nevertheless, the distribution
of σ3 still contributes negatively to 𝜀̄3 due to the smaller elastic stiffness (larger elastic compliance)
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possessed by relatively well-oriented grains according to Eqns. (3.5) and (3.12). As the
inhomogeneity of σ3 in the structure with smaller Rv is stronger than that of the one with larger Rv,
a reduced effective piezoelectric response is expected in the ceramics with smaller Rv. The grain
eff
size effect on effective relative permittivity 𝜅33
can be investigated in the similar way as that in

porosity effect. The 𝐸3𝑖𝑛𝑡 and σ3 contribute negatively because of smaller к33 and d33 possessed by
comparatively less well-oriented grains. In addition, the stronger inhomogeneity of the distribution
of 𝐸3int and σ3 in the structure with smaller average grain radius will further reduce the effective
eff
relative permittivity 𝜅33
.
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Figure 3.4

3.5.2

(a) High controllability of the PDF of normalized grain radius by varying the value
of ε during linear interpolation of two noise vectors. (b) depicts the relations
between the average of grain radius and ε.

Topology effects on piezoelectric responses of TPC piezocomposites
The piezoelectric coefficient d33 of the TPC piezocomposites were compared with that of

the traditional 3-3 piezocomposites with porous phase interface presented by Bowen [161]. As can
be noticed in Fig. 3.5(a)-(c), d33, -d31 and к33 of all the structures increases with the increasing VF
of ceramics with respect to unit cell since the active piezoelectric phase BTO is the main source
of piezoelectricity [7, 162-164]. Furthermore, all the TPC piezocomposites outperform Bowen’s
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structure when the VF of ceramic phase is greater than 20% as depicted in Fig. 3.5. This can be
attributed to that at a VF lower than this value, the SC and FCC still belong to 0-3 type of
piezocomposites (see Fig. 3.1), while the ceramics phase of Bowen’ structure is 3D interconneted
at the very beginning. However, with the contents of ceramics larger than this VF, the structures
of SC and FCC piezocomposites become 3D interconnected (see Fig. 3.1). This accounts for the
significant increase of all the piezoelectric properties of those two structures near this VF as
depicted in Fig. 3.5. In particular, the hydrostatic performances of TPC piezocomposites become
significantly higher than that of Bowen’s structure. For instance, at 21% VF of ceramics, the
HFOM for Bowen’s structure, SC and FCC is 23.3, 982 and 3508 10-14Pa-1, respectively, which is
at least 42-fold higher than that of Bowen’s structure. This would have great significance for the
application of hydrophone and related underwater applcations [8]. On the other hand, the
connectivity of ceramic phase of BCC is 3D interconnected at very low VF of ceramics as well
(see Fig. 3.1), therefore, the piezoelectric reponses of BCC is higher than that of Bowen at initinal
stage as can be observed in Fig. 3.5. The HFOM of Bowen’s structure and BCC at 10% VF of
ceramics is 36.3 and 1322.9 10-14Pa-1 respectively. Thefore, based on the above comparison,
proposed TPC piezocomposites posess significant superiosity over the tranditional 3-3
piezocomposties can be concluded.
The trends of hydrostatic properties (dh, gh, HFOM) are not monotonous with respect to
the VF of ceramics as those of d33, d31 and к33. The peaks of all of them for all TPC piezocomposites
occur at the region where ceramic phase is origninally 3D interconnected (see more information
in the next subsection). The non-monotonicity of these hydrostatic properties is attributed to the
significantly distinct growth rate of d33 and d31. As seen in Fig. 3.5(a), the curves are relatively flat,
in particular BCC and FCC, after the point where the ceramic phase start to interconnect in 3D.
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While the curves for the d31 of the TPC piezocomposite are very steep even after the sudden
decrease due to the 3D connectivity of ceramics phase within them. Thus, the dh of these TPC
piezocomposites would form the shape of crests nearby the first location where ceramic phase
become 3D interconnected at as per the Eqn. (3.14). Because the relation between к33 of TPC
piezocomposites and VF of ceramics are almost linear (see Fig. 3.5(c)), the location of the peaks
of gh and HFOM are identical to that of dh as presented in Fig. 3..6(e) and (f) according to Eqn.
(3.15) and (3.16).
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Figure 3.5

The trend of piezoelectric responses with the increasing of ceramics VF:
longitudinal piezoelectric charging constant d33 (a), transverse piezoelectric
charging constant d31 (b), relative permittivity κ33 (c), hydrostatic piezoelectric
charging constant dh (d), hydrostatic piezoelectric voltage constant gh (e), and
hydrostatic figure of merit HFOM (f).
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The three triply periodic minimal interfaces achieve different piezoelectric properties in
the TPC piezocomposites at the same VF of ceramics. Specifically, BCC and FCC are superior to
SC. For example, at 50% VF of ceramics, d33 = 143.5, 141.6 and 111.9 pC/N for FCC, BCC and
SC piezocomposite, respectively. Fig. 3.6(a)-(c) depicts the cross-section view in the y-z plane of
local strain filed ε33 of the three TPC piezocomposites. As seen, the strain induced by converse
piezoelectric effect is significantly stronger for BCC and FCC piezocomposites compared with
that of SC. The average strain calculated by volume homogenization method according to Eq. (18)
for FCC, BCC, and SC is 2.87×10-3, 2.83×10-3, and 2.24×10-3, respectively. The effective
piezoelectric coefficient d33 can then be obtained per Eq. (16). The difference in piezoelectric
performance of the three TPC piezocomposites may be explained by their discrepancy in stress
transfer efficiency. As illustrated in Fig. 3.6(d)-(f). the stress σ33 within the ceramics of BCC and
FCC is much larger than that of SC, which are transferred from polymer matrix to ceramics by
shear stress at their interphase as marked by white arrows. This phenomenon indidates the stress
transfer effciency of BCC and FCC is higher than that of SC, which in turn result in a increased
piezoelectric response in these two piezocomposites [109].
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Figure 3.6

3.5.3

Cross-section view in y-z plane of local strain field ε3 and stress field σ3 for the
condition with (a)-(c) or without (d)-(f) piezoelectric coupling, respectively, where
(a)(d), (b)(e) and (c)(f) are SC, BCC, and FCC, respectively. All of them contain
50% VF of ceramics. For the case without piezoelectric coupling, a strain ε33 =
0.001 was applied along poling direction i.e., z-axis. White arrow indicates shear
stress in interface between polymer and ceramics.

Design map for the hydrostatic properties of TPC piezocomposite
To evaluate the coupled effect of micro-porosity and topology on the hydrostatic responses

of TPC piezocomposites, the effective piezoelectric properties of piezoceramics with different VFs
of micro-porosity were input into the composite scale. As can be observed in first two rows of Fig.
3.7, the hydrostatic charging constant dh for all the three TPC piezocomposites started to increase
dramatically once the ceramic phase is interpenetrated with each other, i.e., at connectivity equals
to 0.1. The connectivity of piezoceramic phase is defined by a lineal-path function which is widely
adopted [32, 68, 106] in describing the connectedness of the phase of interest in porous materials.
Specifically, in this work, piezoceramic phase is 3D interconnected when connectivity is no less
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than 0.1 as depicted in first row of Fig. 3.7. In addition, the three TPC piezocomposites become
3D interconnected at different values of geometry parameter u, i.e., distant VF of ceramics. In
particular, the ceramic phase of BCC piezocomposite become 3D interconnected at a very low VF
of ceramics (4.1%). This would be a great benefit from the economic point of view, but would be
a great challenge to fabricate using AM. The optimal dh for these architectures of piezocomposites
corresponds to the wide range of geometry parameter u where ceramic phases are 3D
interconnected. In particular, the dh of SC is highest at a larger connectivity compared with those
of BCC and FCC as depicted in the second row of Fig. 3.7. This may be attributed to relatively
larger growth rate of d33 than those of BCC and FCC at higher connectivy as seen in Fig. 3.5(a).
Moreover, as depicted in last two rows of Fig. 3.5, geometry parameter u plays a dominant role in
determining the intensity of gh and HFOM in the vicinity of the starting point of 3D
interconnectivity. This can be attributed to relatively high dh and low к33 at these regions as
presented in Fig. 3.5(c) and the second row of Fig. 3.7. With the increasing of the connectivity of
the ceramic phase, the decrease of dh and increase of к33 would occur concurrently. Thus, the
intensity of gh and HFOM become weak drastically, forming a sharp region of optimal properties.
The dh of BCC and FCC have optimum values at wider range (2% ~ 12%) of porosity level
compared with that (7% ~ 12%) of SC. This indicates that the three TPC piezocomposites, in
particular FCC and BCC, can achieve optimal dh at broad ranges of micro-porosity level as that of
connectivity level. This would be significantly beneficial to active transducer applications [143].
From manufacturing perspective, a much more flexible process conditions could be adopted to
achieve optimal hydrostatic properties. Moreover, as indicated by the rectangle inside the contours
of dh, respectively, the maximum values are not at their lowest micro-porosity level. In fact, the
increasing of micro-porosity VF would enhance dh at the beginning and start to decrease once it
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reaches the peak value. This could be explained by faster decrease of -d31 than that of d33 with the
increasing VF of micro-porosity. For example, the d31 is -46.7 and -38.9 pC/N, for the SC
piezocomposites with 4% and 6% micro-porosity VF with respect to ceramic phase, respectively,
while the corresponding d33 has relatively smaller reduction (from 126.3 to 124.1 pC/N). This
phenomenon leads to an increased dh as per Eqn. (3.14), i.e., from 32.9 to 46.3 pC/N. From the
ceramic scale perspective, this could be explained by the partial decoupling between longitudinal
and transverse reaction, as a result of which transverse -d31 approach zero with the increasing of
micro-porosity, while longitudinal d33 has relatively small reduction [163, 165]. In addition, with
the introduction of higher VF of micro-pores, the remaining active piezoceramic phase is required
to bear more loads and an enhanced stress transfer to piezoceramics would be induced [161, 164].
However, with micro-porosity VF further increase to 12%, the dramatic decrease d33 (e.g., from
109.3 to 66.5 pC/N for SC with 10% and 12% micro-porosity VF, respectively) start to dominate
the value of dh. The drastic decrease in d33 may be caused by partially disconnected grains with
increasing of micro-porosity VF. In addition, when looking from the composite scale, the
eff
significant decrease of elastic stiffness (e.g., 𝐶33
changes from 19.94 to 3.34 GPa for BTO with

10% and 12% micro-porosity VF, respectively) could be another reason. Specifically, with a
higher compliance of piezoceramics, the stress transfer efficiency from PDMS to BTO would be
greatly reduced due to the discrepancy of the compliances between PDMS and BTO become
smaller, i.e., PDMS can relatively bear more loads. The gh and HFOM of TPC piezocomposites
have the same trend with that of dh with the VF of micro-porosity since the к33 of BTO changes
monotonously with micro-porosity, i.e., decreases with the increase of VF of miro-porosity.
However, the ranges where they are optimal are relatively narrower than those of their
corresponding dh. This can be attributed to the dominance of к33 over the intensity of gh and HFOM
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when the VF of miro-porosity is small enough (e.g., 2%), since the dh is relatively small at that VF
of micro-porosity.
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Figure 3.7

Contour plots of dh, gh and HFOM with different combination between porosity
and geometry parameter u for SC (first column), BCC (second column), FCC(third
column), respectively. The relations between the connectivity and u are presented
in the first row for the three TPC piezocomposites, respectively. The location of
maximum for each of contour map are enclosed by a rectangle.
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3.6
3.6.1

Comparison with experiments
Comparison in ceramic grain scale
To validate the grain scale model, the d33 and к33 of BTO cuboids with three different

weight ratios (80%, 70%, 78%) between ceramics particle and polymer binders were measured
and compared with the simulation results, which are labeled as process condition 1, 2 and 3 in Fig.
3.8, respectively. The grain size (average grain radius) and porosity of the microstructures of the
BTO cuboids fabricated under these three process conditions are tableted in Table 3.1. The average
grain radius (8.3 μm) of the microstructure used in the calculation is the mean value of the average
grain radius of these three microstructures. As depicted in Fig. 3.8(b), the d33 and к33 of the
simulation results for the corresponding porosity level matches with those of the same porosity
value of experimental results. i.e., a higher VF of porosity induces a reduction in piezoelectric
responses . Specifically, for porosity fraction 0.086, the d33 and к33 of simulation result is 149.7
pC/N and 999.6, respectively, corresponding to 162.9 pC/N and 1053.9 of experimental result of
process condition 2. As multidomain contributions were not considered in this model, the grain
size difference between the one used in calculation and that in the experiments will not make
significant effect on the current results. For the same reason, higher d33 can be observed in Fig.
3.8(b) for experimental results compared with corresponding values of the same porosity level.
Texture might be another factor for the discrepancy due to the shear contributions of strain from
d15 along the poling axis as the crystallographic orientations of polycrystals become complete
random [76]. But the effects would be minimal due the relatively weak anisotropy of the
piezoelectric charging constant of BTO, i.e., the difference between d15 (260 pC/N) and d33 (190
pC/N) is not significant.
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Figure 3.8

Comparison between simulation and experimental results for different process
conditions.

Table 3.1

Average grain radius and porosity of the microstructures of the products fabricated
under different BTO weight ratios.

Process

Average grain radius (μm)

Porosity (VF)

1.

80%

23.1

0.068

2.

70%

14.3

0.086

3.8

0.095

3.

3.6.2

BTO wt.%

78% (2% ZnO)

Comparison in composite scale
The piezoelectric coefficient d33 for the three TPC piezocomposites with 50 ± 6% VF of

ceramics and 12% VF of micro-porosity with respect to TPC composites and BTO ceramics,
respectively, was calculated and compared with experimental results with the same VFs. At these
VF of ceramics, those structures were believed to have optimal interface architectures with fully
interconnected macro-pores and no pinch-off as can be observed in Fig. 3.1. Three samples of each
type of phase interface with those VFs were fabricated, and their piezoelectric coefficient d33 were
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measured using a d33 meter (APC International, Ltd., Mill Hall, PA, USA) at a force frequency of
110 Hz, while permittivity к was measured using an LCR meter at 1 kHz.
The mean values of the piezoelectric constants (d33 and к33) of the three VFs for each type
of the TPC piezocomposites were calculated, respectively, and depicted in Fig. 3.9. As seen, the
simulation results have the same trend with that of experimental results, and specifically, BCC and
FCC structures have higher piezoelectric performance than that of SC. The discrepancy between
the results of experimental and those of numerical analysis could be attributed to other effects not
considered in the current model, such as interface effect between polymer and ceramic [162, 166]
due to the limitations of the infiltration techniques used in current SEPS Process. Future work
needs to be devoted to fully unravel its mechanism of its effect on the piezoelectric properties.
Another reason for the discrepancy might be related to the degree of polarization during poling
process. In the current study, fully polarized of TPC piezocomposites was assumed, while in the
experiment, it is extremely difficult to polarize piezocomposites 100% due to the existence of
inclusions (e.g., pores) [167].

Figure 3.9

Comparison of the mean values of the piezoelectric constants (d33 and к33) of three
VFs (44%, 50% and 56%) of ceramics for each of the TPC piezocomposites (12%
VF of pores) between experiment measurement [87] and simulation.
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3.7

Discussion
The proposed two-scale model have demonstrated its capability in investigating the

coupled effects of microstructure features and topologies on the piezoelectric properties. In current
grain scale model only the effects of micro-porosity and grain size were considered. The other
microstructure features such as crystalline texture could be readily introduced. This two-scale
model could be used for the design of microstructure, topology, and AM process (e.g., sintering
temperature). In this paper, phase-field grain growth model was adopted for the statistically
equivalent microstructure reconstruction through the comparison between the PDFs of the physical
descriptors of key microstructure features. Another potential option for the microstructure
reconstruction might be the utilization of deep learning model such as StackGAN which can learn
the data distribution of original SEM images and control the spatial distribution of microstructure
features.
The presented TPC piezocomposites exhibit outstanding piezoelectric properties compared
with those of Bowen’ structure. The d33, dh, gh and HFOM of FCC could be 3-, 5-, 21-and 327fold enhancement of those of Bowen’s structure at the same 21% VF of ceramics and 2% VF of
micro-porosity with respect to piezocomposites and ceramics, respectively. The enhancement
could be even larger with higher VF of micro-porosity, this is particularly true for the case of
hydrostatic properties. This would have significant benefits to the application of both sensing (e.g.,
hydrophone) and signal generation (e.g., active transducer) applications. The significant
improvement is attributed to the triply periodic minimum surfaces which are extremely smooth
because of their mean curvatures are null everywhere [168]. These smooth surfaces would reduce
the electric resistance and enhance conductivity [169], which could result in an enhanced
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piezoelectricity. In addition, the large surface area possessed by these minimum surfaces could
potentially the reason for high stress transfer efficiency from polymer phase to piezoceramics.
Optimal dh can be achieved for the proposed TPC piezocomposites at wide ranges of microporosity and geometry parameter u. This have significant benefit from the manufacturing
perspective because more flexible process conditions can be used for the desired piezoelectric
properties. This might be attributed to the coupled effects between the smooth triply periodic
minimum surfaces and the extreme softness of PDMS. Since the PDMS is extremely soft, it has
an extraordinarily weak elastic stiffness, i.e., exceptionally large compliance. A complete stress
transfer from PDMS to active ceramic phase may occur since PDMS can barely bear any load.
This coupled with the condition of smooth surface and large surface area of the interface between
ceramic and PDMS phase, once the active ceramic phase of TPC piezocomposites is 3D
interconnected, d33 can be even approach the value of 100% VF of ceramics. Because all TPC
piezocomposites become 3D interconnected at low VF of ceramics, the flat curve can be observed
in Fig. 3.5 (a). Since the κ33 is relatively small when ceramic phase is just 3D interconnected, an
exceptionally high hydrostatic properties could be achieved as per Eqns. (3.15)-(3.16). To confirm
the conjecture is valid, we compare the piezoelectric responses of FCC at the same 2% VF of
micro-porosity with the matrix material using PDMS and widely used photocurable resin polymer
(PRP) [109], respectively. The Young’s modulus (1766 MPa) of PRP is about 1360-fold harder
than that (1.3 MPa) of PMDS. As seen in Fig. 3.5(a), the d33 is 34.7 and 139.1 pC/N for the case
of matrix material being as PRP and PDMS, respectively, at the same 21% VF of ceramics. Even
the magnitude of corresponding d31 (-7.2 pC/N) of FCC with PRP is smaller than that (-22.8 pC/N)
of FCC with PDMS as depicted in Fig. 3.5(b), the resulting dh (20.6 and 93.6 for FFC with PRP
and PDMS, respectively) as per Eqn. (3.14) still have large discrepancy. Due to the κ33 (Fig. 3.5(c))
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are almost the same at that location, the differences in terms of gh and HFOM (Fig. 3.5(e) and (f))
are even larger compared with that of dh. On the other hand, with the same PDMS as the matrix
material, the d33 of Bowen’s structure increase gradually after ceramic phase is 3D connected.
Thus, it is reasonable to believe that the wide ranges of optimal dh and exceptionally high gh and
HFOM are the coupled effects of the minimum surface of the ceramic skeletons and the extremely
large compliance of PDMS.
The presented three triply periodic minimum surfaces belong to isotropic smooth shell
lattices. Recently, isotropic plate lattice was presented in [170] with higher elastic properties (e.g.,
bulk modulus), i.e., lower stored strain energy under radial compression. This phenomenon may
indicate the 3D plate lattices could have even better piezoelectric properties than those of shell
lattices because total energy only transforms from one to another. This could a good topic and their
piezoelectric properties could be easily calculated using the presented two-scale model.
3.8

Conclusion
We present a two-scale model consisting of both ceramic grain scale and composite scale.

The Fourier spectral iterative perturbation method (FSIPM) and the finite element method were
adopted for calculation at the grain and composite scales, respectively. Through this model, the
coupled effects of microstructure and topology on the piezoelectric responses of the polarized TPC
piezocomposites were successfully evaluated, concluding remarks are made as below:
1. Poling has significant effect on the piezoelectric responses of ceramics. However, it has
relatively weak influence in relative permittivity κ33 as compared with the effect on piezoelectric
charging coefficients d33.
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2. Existence of micro-pores in additively manufactured BTO ceramics has a significant
effect on the piezoelectric performance of the materials irrespective of the ceramics being poled
or not.
3. Grain size has relatively weak effects on the effective piezoelectric properties of
ceramics since only intrinsic contributions were considered, while extrinsic contributions (i.e.,
domain-wall motion) that was deduced to be influenced strongly by the grain size were not
included in the current model.
4. The proposed three TPC piezocomposites outperform state-of-the-art piezoelectric
materials. They have demonstrated exceptionally high gh and HFOM, which would be beneficial
to the headphone and related underwater applications. They can achieve distinct piezoelectric
properties at same geometry parameter u or micro-porosity level. Specifically, FCC is superior to
ther other two types TPC, followed by BCC in piezoelectric properties.
5. The presented TPC piezocomposites exhibit optimal dh at wide ranges of porosity level
and geometry parameter u. This would have significant benefits to the application of active
transducers. From manufacturing perspective, a much more flexible process conditions could be
adopted to obtain a desired dh.
6. Geometry parameter u plays a dominant role in determining the gh and HFOM of TPC
piezocomposites in the vicinity of the starting point of 3D interconnectivity. Within these ranges,
the hydrostatic properties would increase first with the increasing of porosity VF and start to
decrease once them reaches the peak value.
7. Topologies have relative weak effects on the relative permittivity κ33 and transverse
piezoelectric charging constant d31, especially after ceramics phase are 3D interconnected.
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8. Interface between the ceramic and the polymer phases in TPCs plays a non-negligible
role in the determination of piezoelectric responses in this work. Future work needs to be
devoted to fully unravel its mechanism of its effect on the piezoelectric properties.
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CHAPTER IV
CONCLUSION AND FUTURE WORK
4.1

3D grain microstructure reconstruction
Although 2D grain microstructures were statistically reconstructed using the proposed deep

learning method, 3D grain microstructures can be readily generated by the adoption of 3D
convolutions and 3D pooling operations. It is known that computational cost of physics-based
simulation usually increases dramatically for 3D, in which case proposed deep learning method
may become even more invaluable.
4.2

An upgraded two-scale model
Current prediction results of piezoelectric properties have some discrepancy in both grain

scale and composite scale with experimental results. To have closer match in both scales, a grain
scale model considering multidomain effect and a composite scale including interface effect need
to be incorporated, respectively into the current two-scale model in the future.
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APPENDIX A
PHASE-FIELD GRAIN GROWTH MODEL
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The total free energy F of the polycrystalline microstructure is constructed as:
𝑄

𝜏
2
𝐹 = ∫ (𝑓0 ({𝜌𝑞 }) + ∑ (𝛻𝜌𝑞 ) ) 𝑑𝑉
2
𝑉

(B.1)

𝑞=1

where the first term

is the local free energy density of the grain structures and the second

term is the gradient energy density which corresponds to the part of grain boundary energy
originated from the inhomogeneous distribution of order parameters near the grain boundaries, and
τ is the gradient coefficient. We use the following formulation for the local free energy density:

𝑄

𝑄

2

𝑄

𝑄

𝛼
𝛽
𝛽
𝑓0 ({𝜌𝑞 }) = − ∑ 𝜌𝑞2 + (∑ 𝜌𝑞2 ) + (𝛾 − ) (∑ ∑ 𝜌𝑞2 𝜌𝑠2 )
2
4
2
𝑞=1

𝑞=1

(B.2)

𝑞=1 𝑠>𝑞

where α, β and γ are positive constants with α=β=γ=1 used in this study. Starting from the
randomly distributed grain nuclei, the microstructure evolution, i.e., the grain growth process to
reduce the total grain boundary energy in the system, is obtained by solving the governing AllenCahn equation:
𝜕𝜌𝑞
𝛿𝐹
𝜕𝑓0
= −𝐿
= −𝐿 (
− 𝜅𝛻 2 𝜌𝑞 )
𝜕𝑡
𝛿𝜌𝑞
𝜕𝜌𝑞

(B.3)

where L is a positive kinetic coefficient and is related to grain-boundary mobility during
microstructure evolution, different values L=1.1, 1.2, or 1.3 were used to reconstruct the
microstructures of ceramics. Computer simulations of grain growth model were performed on a
simple cubic lattice of 180×180×180 grid points, time step Δt=0.1, and 8000 time steps in total
[94].
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During microstructure evolution, starting from the randomly distributed grain nuclei at the
beginning, random grain orientation could be maintained. In addition, the size of a grain in the
simulation cell was determined by counting the lattice points located within the boundaries of the
grain multiplying by lattice step size (Δx)3 to obtain the grain volume V, and then defined Rv to be
the diameter of a sphere of equivalent volume of the grain that is 𝑅𝑣 = (6𝑉/𝜋)1/3 . For consistence,
during the analysis of SEM images, the grain diameter was calculated in the same way. Moreover,
for statistically meaningful, the data of characterization parameters such as the normalized grain
radius were collected from all the SEM images of the ceramic microstructures obtained from
different process conditions of SEPS. In particular, all the distributions of characterization
parameters are best-fit by log-normal curves for both the cases of simulations and experiments,
with their peaks shift toward values less than corresponding averages. Through the comparison of
the PDFs of the parameters of grain structure generated by simulations under different values of
kinetic coefficient L and time step t, the microstructure generated at L=1.3 and t=600 was
statistically most similar to those of experiments, thus was used as the bases for subsequent pore
generation.
The local distribution and VF of micro-pores are then considered and generated via the
phase-field grain growth model. Micro-pores are considered to distribute isolated in ceramics or
to distribute connected with each other at GBs [7, 171, 172]. The micro-pores observed in our
experimental images are mainly connected at grain boundaries. To regenerate the microstructural
features of the micro-pores, and the characteristics of order parameters {𝜌𝑞 }𝑞=1,...,𝑄 that vary
continuously from 0 to 1 near the grain boundaries and 1 within grains were utilized. Specifically,
corresponding to certain range of values of the order parameter, the phase was set as air (pore),
while for the remnant values of the order parameter, the corresponding phase is defined as
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ceramics. In particular, for connected micro-pore, since they are located at grain boundaries, the
order parameters values corresponding to pore phase should be set as values nearby 0.5. While for
isolated micro-pores, since they are within ceramics, the values of order parameters need to be set
as values about one. The VF of micro-pores (e.g., 6.8% ) can be decided by tuning the range (e.g.,
0.482 < ρq < 0.678) of order parameter values. Since micro-pores observed in our SEM images are
mainly connected at grain boundaries, for simplicity, isolated micro-pores would not be considered
in the work. The generated microstructures of connected micro-pores were found to agree well
with that from experiments, which will be used as the input for the calculation of piezoelectric
responses of ceramics through FSIPM.
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APPENDIX B
MATERIAL PROPERTIES IN GLOBAL COORDINATE
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In a polycrystalline material, material properties show a spatial distribution depending on the
orientation of the grains. The elastic stiffness tensor, relative permittivity, and piezoelectric
coefficient of each grain in the global coordinate are obtained through employing a rotation
transformation of the tensors in its local coordinate according to the grain orientation. The
corresponding position-dependent properties are defined by [89, 173]:

𝑞
𝑞 ′
𝜅𝑖𝑗 (𝑟) = ∑ 𝜌𝑞2 (𝑟)𝜔𝑖𝑚
𝜔𝑗𝑛
𝜅𝑚𝑛

(B.1)

𝑞

𝑞
𝑞 𝑞 ′
𝑑𝑖𝑗𝑘 (𝑟) = ∑ 𝜌𝑞2 (𝑟)𝜔𝑖𝑚
𝜔𝑗𝑛
𝜔𝑘𝑜 𝑑𝑚𝑛𝑜
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𝑞
𝑞 𝑞
𝑞 ′
𝐶𝑖𝑗𝑘𝑙 (𝑟) = ∑ 𝜌𝑞2 (𝑟)𝜔𝑖𝑚
𝜔𝑗𝑛
𝜔𝑘𝑜 𝜔𝑙𝑝
𝐶𝑚𝑛𝑜𝑝

(B.3)

𝑞

′
′
′
where 𝜅𝑚
, 𝑑𝑚𝑛𝑜
, and 𝐶𝑚𝑛𝑜𝑝
are the components of the relative dielectric permittivity, piezoelectric
𝑞
coefficient, and elastic stiffness tensor of a grain in its local coordinate, respectively; 𝜔𝑖𝑚
is the

transformation matrix from the local to the global coordinate. 𝜌𝑞 is the order parameter.
the transformation matrix from the local to the global coordinate is given by

𝑞
𝜔𝑖𝑗

𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜉 − 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜉 𝑐𝑜𝑠 𝜓
= (𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜉 + 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜉 𝑐𝑜𝑠 𝜓
𝑠𝑖𝑛 𝜉 𝑠𝑖𝑛 𝜓

− 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜉 − 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜉 𝑐𝑜𝑠 𝜓
− 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜉 + 𝑐𝑜𝑠 𝜃 𝑐𝑜𝑠 𝜉 𝑐𝑜𝑠 𝜓
𝑐𝑜𝑠 𝜉 𝑠𝑖𝑛 𝜓

𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜓
− 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜓)
𝑐𝑜𝑠 𝜓

(B.4)

Where the three Euler angles (𝜃, 𝜓, 𝜉) [129] are used to describe the orientations of grains in a
ceramic, which correspond to three consecutive counter-clockwise rotations with respect to the
109

global coordinate (𝑥, 𝑦, 𝑧), as θ about the 𝑧 -axis, 𝜓 about the rotated 𝑥′ -axis and 𝜉 about the
newest 𝑧′ -axis.
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APPENDIX C
MATERIAL CONSTANTS
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Table A.1

Elastic
stiffness

Relative
Permittivity

Piezoelectri
c charging
constants

Material constants of PDMS and poled BTO
PDMS [168]

Poled BTO [123]

(MPa)
1.649 0.758 0.758
0
0
0
0.758 1.649 0.758
0
0
0
0.758 0.758 1.649
0
0
0
0
0
0
0.445
0
0
0
0
0
0
0.445
0
( 0
0
0
0
0
0.445)

(GPa)
150.34 65.63
65.94
0
0
0
65.63 150.38 65.94
0
0
0
65.94
65.94 145.52
0
0
0
0
0
0
43.86
0
0
0
0
0
0
43.86
0
( 0
0
0
0
0
42.37)

2.75
0
0
( 0
2.75
0 )
0
0
2.75

1450
0
0
( 0
1450
0 )
0
0
1700

0
0
( 0
0
−2.4 −2.4

(pC/N)
0
0 0.8
0
0.8 0
7.45 0
0

(pC/N)
0
0
0
0
260 0
( 0
0
0
260
0
0)
−78 −78 190
0
0
0

0
0)
0
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Table A.2

Material constants of PRP
PRP [109]

Elastic stiffness

Dielectric
permittivity

Piezoelectric
coefficient

2.551 −1.276 −1.276
0
0
0
−1.276 2.551 −1.276
0
0
0
−1.276 −1.276 2.551
0
0
0
GPa
0
0
0
0.654
0
0
0
0
0
0
0.654
0
( 0
0
0
0
0
0.654)

8.4 0
0
( 0 8.4 0 )
0
0 8.4

0
0
( 0
0
−1.2 −1.2
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0
0
0 0.8
3.6 0

0.8 0
0 0) pC/N
0 0

APPENDIX D
NUMERICAL ALGORITHM OF FEM
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A fully coupled numerical scheme is utilized to solve these two governing equations. A
total Lagrangian algorithm together with the incremental formulation is specifically proposed to
model the large deformation in the fully electromechanical coupling. Under geometrically
nonlinear situations, the stress equilibrium equation with respect to the reference (undeformed)
configuration becomes:
(D.1)

𝛻0 ⋅ 𝑷 + 𝑩 = 0
where P is the first Piola-Kirchhoff (PK1) stress and B is the body force.

In the finite-element method, the field of displacement u is employed as the variable. The
weak form of the problem (Eq. (D.1)) is obtained by using a test function, δu, which satisfies
necessary integrability conditions. The weak form in the reference configuration is:

∫ 𝑷: 𝛻0 (𝛿𝒖) 𝑑𝑉0 = ∫ 𝑺: 𝛿𝑬𝑒 𝑑𝑉0 = ∫ 𝑩 ⋅ 𝛿𝒖𝑑𝑉0 + ∫ 𝑻 ⋅ 𝛿𝒖 𝑑𝑆0
𝑉0

𝑉0

𝑉0

(D.2)

𝑆0

where V0 is the reference volume, S0 is the reference surface area, S is the second Piola-Kirchhoff
(PK2) stress, T is the surface traction, and Ee is the elastic strain tensor.
To handle the geometric nonlinearity, the incremental formulation is usually used. For a finite
deformation, we have the following incremental relationships from time step t to 𝑡 + ∆𝑡:
𝒖𝒕+∆𝒕 = 𝒖𝒕 + 𝛥𝒖

(D.3)

where ∆𝒖 is the increment of displacement. By linearizing the variation of 𝛿𝑊𝑖𝑛 (𝒖) =
∫𝑉0 𝑆(𝐸(𝒖)) : 𝛿𝐸(𝒖)𝑑𝑉0 from time step t to 𝑡 + ∆𝑡, where E is the Green-Lagrange strain tensor
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and δE is its variation, the following incremental local weak form in the matrix form can be
obtained:

𝛥𝛿𝑊𝑖𝑛 = ∫ 𝛻0 𝑇 𝛿𝒖: 𝑺𝛻0 (𝛥𝒖) + ((𝑭)𝑇 𝛻0 𝛿𝒖)𝑇 : 𝑪: (𝑭)𝑇 𝛻0 (𝛥𝒖) 𝑑𝑉0

(D.4)

𝑉0

where F is the deformation gradient and C is the elastic stiffness tensor.
The problem domain is then spatially discretized into elements. The displacement field is
interpolated by constructing the shape functions based on the elements:
𝑁𝑖𝑛

𝒖(𝑿, 𝑡) = ∑ 𝑵𝑛 (𝑿, 𝑡) 𝒖𝑛

(D.5)

𝑛=1

where Nn is the shape function associated with the n-th interpolation node, and Nin is the number
of the interpolation nodes for the point of interest X. un includes the nodal values of the
displacement.
After the spatial discretization, invoking the arbitrariness of the test functions, the weak form
in Eq. (D.5) can be expressed as a system of equation.
𝑲𝛥𝒖 = 𝒇 − 𝒇1

(D.6)

where K is the global stiffness matrix, f is the external force and f1 is the internal force. The
nonlinear nature of Eq. (D.6) lies in that the right-hand side of the equation is also a function of
displacements. Therefore, we use the Newton-Raphson iteration:
𝒖(𝑛+1) = 𝒖(𝑛) + 𝛥𝒖(𝑛+1)
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(D.7)

where u(n) and u(n+1) are displacements for the Newton-Raphson iteration at n-th iteration and
(n+1)-th iteration, respectively, and Δu(n+1) is the increment, which can be computed as follows:
−1

𝛥𝒖(𝑛+1) = (𝑲(𝑛) ) (𝒇 − 𝒇1 )(𝑛)
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(D.8)

